Bounded Cohomology and Geometry by Wienhard, Anna
ar
X
iv
:m
at
h/
05
01
25
8v
1 
 [m
ath
.D
G]
  1
7 J
an
 20
05
Bounded Cohomology and Geometry
Anna Wienhard
E-mail address: wienhard@math.uni-bonn.de
Rheinische Friedrich-Wilhelms-Universita¨t Bonn, Beringstrasse
1, D-53115 Bonn, Germany

Contents
Preface and Acknowledgement 5
Introduction 7
Chapter 1. A short introduction to bounded cohomology 15
1. The definition 15
2. Functorial approach 17
3. Implementing pull-back maps 20
4. Properties 22
Chapter 2. Symmetric spaces 23
1. Definitions 23
2. Boundaries 26
3. Totally geodesic submanifolds 27
4. Real structure and duality 28
Chapter 3. Hermitian symmetric spaces 29
1. Definitions 29
2. The Borel embedding 30
3. The Harish-Chandra embedding 31
4. Two classes: tube type and not 35
5. Examples 36
Chapter 4. The Shilov boundary 45
1. A homeomorphism of boundaries 45
2. The Shilov boundary as homogeneous space 46
3. The Bruhat decomposition 46
4. The space of triples of pairwise transverse points 48
5. A complex model for the Shilov boundary 50
6. Parametrizing the Shilov boundary of a tube type domain 51
Exkurs: A generalized Maslov index 55
The classical Maslov index 55
The Maslov cycle in the general case 55
Chapter 5. Cocycles 57
1. The Bergmann and the Ka¨hler cocycle 57
2. The Ka¨hler cocycle as bounded cohomology class 60
3. The Bergmann cocycle as bounded cohomology class 60
4. The Hermitian triple product 60
3
4 CONTENTS
5. A generalized Maslov cocycle for tube type domains 62
Chapter 6. Tight homomorphisms and embeddings 67
1. Definition and properties of α-tight homomorphisms 67
2. Ka¨hler tight homomorphisms 68
3. Tight embeddings and their properties 70
4. The Ka¨hler form on Lie algebra level 73
5. Classification of tight embeddings 77
6. Open questions 82
Chapter 7. Group actions on Hermitian symmetric spaces 85
1. Zariski dense representations 85
2. Limit sets in the Shilov boundary 88
3. Structure of the representation variety 89
Chapter 8. Representations of surface groups 93
1. The Toledo invariant 93
2. Maximal representations 95
3. Weakly maximal representations with Zariski dense image 96
4. Characterizing maximal representations 103
5. The maximal part of the representation variety 108
6. Anosov flows 110
Appendix 119
Some facts about Lie groups and Lie algebras 119
Some facts about Jordan algebras 121
Bibliography 123
Preface and Acknowledgement
My first encounter with bounded cohomology dates back several years ago,
when I participated in a student seminar organized by Prof. Ballmann, where
we discussed Thurston’s proof of Mostow rigidity for hyperbolic manifolds using
Gromov’s notion of simplicial volume. Since then the links between bounded
cohomology and geometry kept on fascinating me. Thanks to my advisor, I had
the opportunity to talk to Nicolas Monod during a conference in Oberwolfach,
getting to know about the functorial approach to bounded cohomology devel-
oped by Burger and Monod [19]. After trying to solve some other problems,
I happily ended up thinking about bounded cohomology and Hermitian sym-
metric spaces, finding the mixture of methods from bounded cohomology and
from the geometry of symmetric spaces of higher rank which I like a lot.
I am grateful to my advisor Prof. Werner Ballmann who taught me a lot of
mathematics and mathematical thinking since my first semester at university.
Without his ideas, the freedom and the advise he gave me and his support, I
would never have started or finished this work. I owe special thanks to Prof.
Marc Burger and Prof. Alessandra Iozzi, not only for all what I learned from
them during my stays in Zu¨rich, but especially for the time we spent working
together. Several results are actually joint work with them.1 This work owes
much to ideas of Prof. Marc Burger and I would like to express my thanks to
him for becoming a second advisor for me and for accepting to be the second
referee of this thesis. I am happy that Prof. Flume and Prof. Albeverio ac-
cepted to participate in my “Promotionskommission”. I thank Theo Bu¨hler,
who patiently corrected a lot of mistakes and the proof of Lemma 3.5 (Chap-
ter 8) in an earlier version of this work. The remaining mistakes remain my
responsibility.
Several instutions made it possible for me to travel a lot during the time of
my Ph.D. My thanks go to all of them. The fellowship I received from the “Stu-
dienstiftung des deutschen Volkes” for my Ph.D. studies gave me the financial
independence to leave the University of Bonn to visit different places. I thank
the “Forschungsinstitut fu¨r Mathematik” at the ETH-Zu¨rich for its hospitality
and financial support during a six month stay which was very important for
my studies. The “Institute for Pure and Applied Mathematics” at UCLA gave
me the opportunity to participate in a three month program on Symplectic
Geometry. I enjoyed my one month stays at “Mathematical Science Research
Institute” in Berkeley and at the “Institut Joseph Fourier” in Grenoble. The
financial support from the “Bonner International Graduate School” and the
1Some of the results have been announced in [17].
5
6 PREFACE AND ACKNOWLEDGEMENT
“Sonderforschungsbereiche 256/611” were essential for the realization of all my
visits of other institutes and my participation in several conferences.
I would not have survived without the kindness, encouragement and com-
pany of colleagues and friends I had and have in Bonn, Zu¨rich, Grenoble and
several other places of the world. Thank you.
Introduction
This work is motivated by interesting relations between bounded cohomol-
ogy and geometric properties of spaces and groups. We want to give a con-
tribution to the understanding of these relations in the context of Hermitian
symmetric spaces of noncompact type.
The first who introduced bounded cohomology in the realm of geometry
was Gromov with his celebrated paper “Volume and bounded cohomology”
[46], where he defined the simplicial volume to give a lower bound for the
minimal volume of a Riemannian manifold. Several people followed him re-
lating bounded cohomology to geometric properties of manifolds and groups.
We recall some results where bounded cohomology is used in the context of
geometric problems. Thurston [86] gave a proof of Mostow’s rigidity theorem
for hyperbolic manifolds using bounded cohomology. Ghys [37] has proven
that the bounded Euler class classifies actions by orientation preserving home-
omorphism on a circle up to semi-conjugacy. In a different way Soma [85, 84]
used bounded cohomology to exhibit rigidity phenomena of hyperbolic three-
manifolds. An important aspect of how much geometric information bounded
cohomology might contain is given by the characterization of hyperbolic groups
in terms of bounded cohomology obtained by Mineyev [68, 69]. New geometric
applications of bounded cohomology emerged from the functorial approach to
bounded cohomology developed by Burger and Monod in [18, 19, 14, 70] con-
taining already some applications. Further applications to measure and orbit
equivalence of groups using this approach were given by Monod and Shalom
[72, 71]. Making use of this functorial approach as well, but exploring it in
another direction Burger and Iozzi studied several rigidity questions about Her-
mitian symmetric spaces [16, 13, 15], in particular about complex hyperbolic
space, relating them to bounded cohomology. Our work lies very much in the
direction of the last mentioned results relating the geometry of Hermitian sym-
metric spaces and properties of groups acting isometrically on them to bounded
cohomology classes. The restriction to Hermitian symmetric spaces is not su-
perficial but based on the still very restricted knowledge of bounded cohomology
in the context of arbitrary symmetric spaces.
Some results presented in this thesis are concerned with Hermitian sym-
metric spaces, their Shilov boundaries and a particular class of totally geodesic
embeddings of Hermitian symmetric spaces which is defined using bounded
cohomology. The other results concern finitely generated groups acting isomet-
rically on Hermitian symmetric spaces. Several of the latter results are joint
work with Marc Burger and Alessandra Iozzi [17].
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8 INTRODUCTION
A Hermitian symmetric space X of noncompact type is a symmetric space
X = G/K of noncompact type endowed with a G-invariant complex structure.
The imaginary part of the G-invariant Hermitian metric on X defines a G-
invariant closed two form, the Ka¨hler form ω ∈ Ω2(X)G. Let cG : G×G×G→ R
be the map defined by integration of ω over geodesic triangles in X:
cG(g1, g2, g3) :=
∫
∆(g1x,g2x,g3x)
ω,
where ∆(g1x, g2x, g3x) is a geodesic triangle with vertices in g1x, g2x, g3x for x
inX arbitrary. Then cG is a bounded 2-cocycle on the group G [46, 29, 26, 24],
i.e. a continuous uniformly bounded function cG : G×G×G→ R satisfying the
cocycle identity cG(g1, g2, g3)− cG(g1, g2, g4)+ cG(g1, g3, g4)− cG(g2, g3, g4) = 0.
Every Hermitian symmetric space of noncompact type admits a realization
as a bounded symmetric domain D in CN . The Shilov boundary Sˇ is a spe-
cial part of the boundary ∂D of D. The geometric applications of bounded
cohomology discussed in this work are based on understanding relations of this
bounded cocycle or “its brother” which is defined on triples of points on the
Shilov boundary Sˇ and the geometry of D. Define βD : D3 → R as above by
βD(x1, x2, x3) :=
∫
∆(x1,x2,x3)
ω, where ∆(x1, x2, x3) is the geodesic triangle in D
with vertices in x1, x2, x3. The cocycle βD extends continuously to the space
of triples of pairwise transverse points Sˇ(3) in the Shilov boundary Sˇ of D. Let
β denote the restriction of βD to Sˇ(3). Both cocycles, cG and β determine the
same bounded cohomology class kbX ∈ H2cb(G), called the bounded Ka¨hler class.
This class was already used in the work of Burger and Iozzi ([16, 13, 15]). It
is an important ingredient for our results.
Hermitian symmetric spaces, their Shilov boundaries and totally
geodesic embeddings.
Tube type and not. Any Hermitian symmetric space is biholomorphically
equivalent to a bounded symmetric domain D ⊂ CN , generalizing the Poincare´-
disc model of the hyperbolic plane H2. The generalization of the upper half
space model is not available for all Hermitian symmetric spaces, but only for
a subclass of them. Namely, a Hermitian symmetric space X is said to be of
tube type, if X is biholomorphically equivalent to a tube domain TΩ = V + iΩ,
where V is a real vectorspace and Ω ⊂ V is an open cone. The difference of
being of tube type or not is reflected in the root system and in properties of the
Shilov boundary Sˇ. We describe different models for the Shilov boundary, giving
explicit parametrizations of the Shilov boundary of Hermitian symmetric spaces
of tube type. The Shilov boundary Sˇ may in particular be seen as a generalized
flag variety, Sˇ = G/Q, where Q is a specific maximal parabolic subgroup of G.
As a consequence of a detailed study of the generalized Bruhat decomposition
of Sˇ we obtain a new characterization of the Hermitian symmetric spaces which
are not of tube type in terms of triples on the Shilov boundary.
Theorem (Theorem 4.4 in Chapter 4). Denote by Sˇ(3) the space of triples of
pairwise transverse points in the Shilov boundary Sˇ of X. Then X is not of
tube type if and only if Sˇ(3) is connected.
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As a corollary of the new classification of non-tube type Hermitian sym-
metric spaces, we obtain
Proposition (Proposition 1.6 in Chapter 5). Denote by Sˇ(3) the space of triples
of pairwise transverse points in the Shilov boundary Sˇ of X. Then there exists
a normalization constant c ∈ R such that
(1) β(Sˇ(3)) = [−crX ,+crX ] if X is not of tube type
or
(2) β(Sˇ(3)) = c(rX + 2Z) ∩ [−crX ,+crX ], if X is of tube type,
where rX is the rank of X.
Another consequence of our study of the generalized Bruhat decomposition
of Sˇ is the definition of a Maslov index for all Hermitian symmetric spaces of
tube type generalizing the usual Maslov index for the symplectic group. The
set of points x ∈ Sˇ which are not transverse to z ∈ Sˇ define a codimension
one cycle in Sˇ. The intersection number of a loop with this cycle defines the
generalized Maslov index µ ∈ H1(Sˇ,Z).
Tight embeddings and homomorphisms. LetH,G be locally compact groups.
A continuous homomorphism π : H → G induces canonical pull-back maps π∗
in continuous cohomology and π∗b in continuous bounded cohomology, such that
the following diagram commutes:
H∗cb(G)
κ

π∗
b // H∗cb(H)
κ

H∗c(G)
π∗ // H∗c(H),
where κ is the natural comparison map between continuous bounded cohomol-
ogy and continuous cohomology.
The continuous bounded cohomology groups come equipped with a canon-
ical seminorm || · ||, with respect to which π∗b is norm decreasing, i.e.
||π∗b (α)|| ≤ ||α|| for all α ∈ H∗cb(G).
Requiring that a homomorphism preserves the norm of some classes in
H∗cb(G) imposes restrictions on it. We study this in a specific situation. When
G is a connected semisimple Lie group and its associated symmetric space X is
Hermitian, we call a continuous homomorphism π : H → G tight if it preserves
the norm of the bounded Ka¨hler class kbX ∈ H2cb(G), i.e. if ||π∗b (kbX)|| = ||kbX ||.
One can show that the notion of tightness only depends on the G-invariant com-
plex structure on X and not on the particular choice of a compatible Hermitian
metric. An important point is the following property of tight homomorphisms.
Theorem (Theorem 3.10 in Chapter 6). Let H be a locally compact group and
G a connected semisimple Lie group with finite center, which is of Hermitian
type. Suppose π : H → G is a continuous tight homomorphism. Then the
Zariski closure of the image L = π(H)
Z
is reductive with compact center. The
symmetric space associated to the semisimple part of L is Hermitian symmetric.
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Clearly, there is a parallel notion for symmetric spaces. Namely, let Y,X
be symmetric spaces of noncompact type with X Hermitian. A totally geodesic
embedding f : Y → X is tight if the corresponding homomorphism, π : HY →
Is(X)◦ is tight, where HY is an appropriate finite extension of Is(Y )◦. We can
give a more geometric definition of tightness of totally geodesic embeddings. A
totally geodesic embedding f : Y → X is tight if and only if
sup
∆⊂Y
∫
∆
f∗ωX = sup
∆⊂X
∫
∆
ωX
where the suprema are taken over all geodesic triangles ∆ in Y or X, respec-
tively.
We give some examples of tight embeddings:
1) Every tight holomorphic embedding from the disc D into a Hermitian sym-
metric space X is given by a diagonal embedding into a maximal polydisc in
X.
2) The 2n-dimensional irreducible representation SL(2,R)→ Sp(2n,R), is tight
for every n ≥ 1. However, the associated tight embedding D→ Hn is holomor-
phic if and only if n = 1.
This shows that tight embeddings are not necessarily holomorphic. Still,
they behave nicely with respect to some structures of Hermitian symmetric
spaces.
Proposition (Proposition 3.5 in Chapter 6). A tight embedding f : Y → X
extends uniquely to a continuous equivariant map f : SˇY → SˇX between the
Shilov boundaries.
As a consequence there do not exist tight embeddings of non-tube type
Hermitian symmetric spaces into Hermitian symmetric spaces of tube type.
Methods from bounded cohomology (see [19]) and results of [24] are the main
tools used to obtain these properties of tight embeddings and homomorphisms.
For totally geodesic embeddings into Hermitian symmetric spaces of tube
type we exhibit a simple criterion of tightness in terms of the corresponding
Lie algebra homomorphisms. Using this criterion we classify tight embeddings
of the Poincare´ disc. All of them are products of embeddings obtained from
irreducible representations of sl(2,R) into sp(2n,R). More precisely:
Theorem (Theorem 5.14 in Chapter 6). Suppose that X is a Hermitian sym-
metric space of noncompact type and f : D→ X is a tight totally geodesic em-
bedding. Then the smallest Hermitian symmetric subspace Y ⊂ X containing
f(D) is a product of Hermitian symmetric subspaces Yi ofX, Y = Π
k
i=1Yi, where
Yi are Hermitian symmetric spaces associated to symplectic groups Sp(2ni,R).
Moreover,
∑k
i=1 ni ≤ rX and the embeddings fi : D → Yi correspond to irre-
ducible representations sl(2,R) → sp(2ni,R).
Applications to group actions on Hermitian symmetric spaces. Let
Γ be a finitely generated group. An action of Γ by isometries on a Hermitian
symmetric space X = G/K is given by a representation ρ : Γ → G. The
bounded Ka¨hler class kbX ∈ H2cb(G) gives rise to the bounded Ka¨hler invariant
ρ∗(kbX) ∈ H2b(Γ) of a representation ρ : Γ → G by taking the pull-back in
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bounded cohomology. Our results are based on this invariant, first defined in
[15]. Note that tight embeddings where defined by using the weaker numerical
invariant obtained from the bounded Ka¨hler invariant by taking its norm.
Zariski dense representations. The information encoded by the bounded
Ka¨hler invariant depends quite a lot on the situation. In the case where the
Hermitian symmetric space is not of tube type and the action of Γ does not
preserve any proper subspace of X, the bounded Ka¨hler invariant ρ∗(kbX ) ∈
H2b (Γ) determines the action of Γ on X. More precisely we prove the following
generalization of the result in [15] to all Hermitian symmetric spaces.
Theorem (Theorem 1.1 in Chapter 7). Assume that X = G/K is a Hermitian
symmetric space which is not of tube type. Let ρ : Γ→ G be a representation
with Zariski dense image. Then
(1) ρ∗(kbX) 6= 0.
(2) ρ∗(kbX) determines ρ up to conjugation with elements of G.
Unfortunately we do not know how to extract geometric information about
the group action from the bounded Ka¨hler invariant. We first have to form a
numerical invariant out of it.
A generalization of Teichmu¨ller space. In the special case when Γ = Γg
is the fundamental group of a closed Riemann surface Σg of genus g ≥ 2, we
may evaluate the (bounded) Ka¨hler invariant on the fundamental class [Σg] of
the surface to obtain a numerical invariant of the representation, known as the
Toledo invariant. Thus from the bounded Ka¨hler invariant ρ∗(kbX) we obtain a
function
Tol : Hom(Γg, G)→ R,
which is constant on connected components and satisfies (with appropriate
normalizations)
|Tol(ρ)| ≤ 4π(g − 1)rX ,
where rX is the rank of X. We call a representation maximal if |Tol(ρ)| =
4π(g − 1)rX .
In the case G = PSL(2,R) the Toledo invariant is called Euler number and
takes values in 2πZ; Goldman [38, 43] has shown that it separates connected
components of the representation variety and that the set of maximal repre-
sentations consists of the two Teichmu¨ller components. Toledo [87] showed
that a maximal representation ρ : Γg → PU(n, 1) stabilizes a complex geo-
desic in complex hyperbolic n-space Hn
C
. Generalizations of Toledo’s result for
G = PU(n,m) were proven in [52] and [10]. We prove
Theorem (Theorem 4.2 in Chapter 8, see also [17]). Let G be a connected
semisimple real algebraic group and assume that its associated symmetric space
is Hermitian. Let ρ : Γg → G be a maximal representation. Then:
(1) ρ(Γ) stabilizes a maximal Hermitian symmetric subspace of tube type T in
X.
(2) The Zariski closure L of ρ(Γg) is reductive.
(3) The symmetric subspace associated to L is a Hermitian symmetric space of
tube type and the inclusion Y → T is tight.
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(4) The Γg-action on Y (via ρ) is properly discontinuous without fixed points.
(5) There exists a Hermitian symmetric subspace of tube type TY containing
Y on which ρ(Γg) acts properly discountinuously without fixed points.
Remark. By a Hermitian symmetric subspace we understand a symmetric
space which is totally geodesically and holomorphically embedded into X.
Concerning the optimality of this theorem, recall that a maximal polydisc
P in a Hermitian symmetric space X is a Hermitian symmetric subspace iso-
morphic to Dr, r = rX . Maximal polydiscs exist and are Is(X)
◦-conjugate.
Denote by
hP : SU(1, 1)
r → Is(X)◦
the homomorphism associated to the inclusion P → X.
Theorem (Theorem 4.5 in Chapter 8, see also [17]). Let X be a Hermitian
symmetric space of tube type and let P ⊂ X be a maximal polydisc. Let
ρ0 : Γg → Is(X)◦ be the maximal representation obtained from composing a
diagonal discrete injective embedding Γg → SU(1, 1)r with hP .
Then ρ0 admits a continuous deformation
ρt : Γg → Is(X)◦ , t ≥ 0
with ρt maximal and ρt(Γg) Zariski dense in Is(X)
◦, for all t > 0.
Maximal representations of surface groups give rise to Kleinian groups on
tube type domains, so one might turn the attention to questions regarding limit
sets. Let D ⊂ Cn be the Harish-Chandra realization of a Hermitian symmetric
space as a bounded symmetric domain. Then Aut(D) acts on ∂D with finitely
many orbits and a unique closed one, which coincides with the Shilov boundary
Sˇ of D.
For a discrete subgroup Λ < Aut(D) and x ∈ D, define LΛ := Λx∩ Sˇ, where
Λx is the topological closure in Cn. We will call LΛ the Shilov limit set of Λ.
While Λx ∩ ∂D may depend on the base point x, LΛ does not. It can however
happen that LΛ is void even if Λ is unbounded.
Theorem (Theorem 6.11 in Chapter 8). LetD be a bounded symmetric domain
of tube type and let ρ : Γg → Aut(D) be a maximal representation. Then, the
Shilov limit set Lρ ⊂ Sˇ of ρ(Γg) is a rectifiable circle.
Maximal representations of surface groups into isometry groups of Hermit-
ian symmetric spaces of tube type provide (following Goldman’s theorem) a gen-
eralization of Teichmu¨ller space in the context of Hermitian symmetric spaces.
This generalization of Teichmu¨ller space fits together with another approach
generalizing Teichmu¨ller space in the context of split real forms of complex Lie
groups. Hitchin [53] singled out a component in the space Homred(Γg, G)/G
of G-conjugacy classes of reductive representations, which is homeomorphic to
R(2g−2) dim(G). For G = PSL(n,R) this Hitchin component is the one containing
the homomorphisms obtained by composing a uniformization Γg → PSL(2,R)
with the n-dimensional irreducible representation of PSL(2,R). Labourie has
recently shown [62] that representations in this Hitchin component are faith-
ful, irreducible, and have discrete image. He defined the notion of an Anosov
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representation and showed that all representations in this Hitchin component
are Anosov.
For the group G common to Hitchin’s and our setting, i.e. G = Sp(2n,R),
the Hitchin component is (properly) contained in the set of maximal representa-
tions. We show that maximal representations also share the property of being
Anosov. In order to convey the fundamental idea, consider a representation
ρ : Γg → Sp(V ) into the symplectic group of a nondegenerate symplectic form
on a real vector space V . Fix a hyperbolization Γg < PU(1, 1), let T
1D be the
unit tangent bundle of D and (gt) the geodesic flow. On the vector bundle
Eρ = Γg\(T 1D× V )
with basis T 1Σg, where Σg = Γg\D, we define the flow ψ˜t(u, v) = (gt(u), v). Fix
a continuous scalar product on Eρ.
Theorem (Theorem 6.2 in Chapter 8). Assume that ρ : Γg → Sp(V ) is a
maximal representation. Then there is a continuous ψ˜t-invariant splitting
Eρ = E
+
ρ ⊕ E−ρ
such that
(1) The splitting Eρ,u = E
+
ρ,u ⊕ E−ρ,u is a decomposition into complementary
Lagrangian subspaces.
(2) The flow (ψ˜t)t≥0 acts contracting on E−ρ and (ψ˜t)t≤0 acts contracting on
E+ρ .
Structure of the work. The first three chapters do not contain any new
results but provide the reader with the necessary background from bounded co-
homology (Chapter 1), symmetric spaces (Chapter 2) and Hermitian symmetric
spaces (Chapter 3). Starting from Chapter 4, the chapters contain new results.
Chapter 4 itself contains the new characterization of non-tube type Hermitian
symmetric spaces. It also gives a description of various different models of the
Shilov boundary, some of which had not been worked out before. In Chapter 5
we discuss the different ways of defining a two-cocycle on a Hermitian symmet-
ric space. The realization of the cocycle by an algebraic function in the general
case (see [15] for G = SU(p, q)) is essential for some of the applications given
in Chapter 7 and 8. One of the most important parts of this work is in Chapter
6, where tight homomorphisms and tight embeddings are defined and studied.
Chapter 7 contains applications of results from the previous chapters to iso-
metric actions of arbitrary finitely generated groups on Hermitian symmetric
spaces. The characterization of maximal representations of surface groups is
obtained in Chapter 8. The latter results are joint work with Marc Burger and
Alessandra Iozzi and where partly announced in [17].

CHAPTER 1
A short introduction to bounded cohomology
The concept of bounded cohomology and certain methods developed in
its context play an important role in the definitions and proofs of the results
mentioned in the introduction. We give a short synopsis of bounded cohomology
including its definition, several properties and a description of the methods used
later on. We restrict our attention to cohomology with trivial coefficients. Even
if we state several properties for arbitrary locally compact groups, we will mostly
work in the context of connected semisimple Lie groups with finite center and
their lattices. For an extensive account on bounded cohomology we refer to
[70] and [19], for the methods reviewed in Section 3 below we refer to [14].
1. The definition
1.1. The homogeneous standard resolution. Let G be a locally com-
pact topological group. We view abstract groups as topological groups with
respect to the discrete topology. Denote by C(Gk) (respectively Cb(G
k)) the
space of continuous (bounded) real valued functions on Gk,
C(Gk) := {f : Gk → R | f continuous}
Cb(G
k) := {f : Gk → R | f continuous, sup
x∈Gk
|f(x)| <∞}.
We endow Gk with the diagonal left G-action and C(Gk) (respectively
Cb(G
k)) with the induced left action
(hf)(x) := f(h−1x) ∀h ∈ G, ∀x ∈ Gk.
Denote by C(Gk)G (respectively Cb(G
k)G) the space of G-invariant func-
tions in C(Gk) (respectively Cb(G
k)),
C(Gk)G := {f ∈ C(Gk) | (hf)(x) = f(x)∀h ∈ G, ∀x ∈ Gk}
Cb(G
k)G := {f ∈ Cb(Gk) | (hf)(x) = f(x)∀h ∈ G, ∀x ∈ Gk}.
Define G-equivariant (coboundary) maps
d : C(Gk)→ C(Gk+1), d : Cb(Gk)→ Cb(Gk+1)
by
(df)(g0, . . . , gk) :=
k∑
i=0
(−1)if(g0, . . . , gˆi, . . . gk).
The complexes (C(G•+1), d) and (Cb(G•+1), d) are called (bounded) homoge-
neous standard resolution.
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The maps d induce coboundary maps d : C(b)(G
k)G → C(b)(Gk+1)G, and
give rise to two complexes
C(G•)G : 0→ C(G)G → . . .→ C(Gk)G → C(Gk+1)G → . . .
Cb(G
•)G : 0→ Cb(G)G → . . .→ Cb(Gk)G → Cb(Gk+1)G → . . . .
The continuous cohomology Hc(G) of G (with real coefficients) is defined as
the cohomology of the complex C(G•)G, i.e.
Hkc (G) :=
ker(d : C(Gk+1)G → C(Gk+2)G)
im(d : C(Gk)G → C(Gk+1)G) .
The continuous bounded cohomology Hcb(G) of G (with real coefficients) is
defined as the cohomology of the complex Cb(G
•)G,
Hkcb(G) :=
ker(d : Cb(G
k+1)G → Cb(Gk+2)G)
im(d : Cb(Gk)G → Cb(Gk+1)G) .
The supremum norm on Cb(G
k+1)G induces a seminorm || · || on Hkcb(G),
given by
||α|| := inf
f∈α
( sup
x∈Gk+1
|f(x)|).
Since the image of d is not necessarily closed, || · || is in general not a norm.
1.2. The comparison map. The inclusion Cb(G
•)G ⊂ C(G•)G as a sub-
complex induces natural linear comparison maps in cohomology
κ : H∗cb(G)→ H∗c(G).
These maps are in general neither surjective nor injective. Their behaviour
contains in certain cases information about the group G (see e.g. [69, 68]). For
semisimple Lie groups the comparison map κ is an isomorphism in degree two
(see Proposition 4.3).
1.3. Group homomorphisms. Given two locally compact topological
groups G,H and a continuous group homomorphism ρ : H → G, precom-
position with ρ induces maps ρ∗ : H∗c(G)→ H∗c(H) and ρ∗b : H∗cb(G)→ H∗cb(H),
by ρ∗(f)(h0, . . . , hk) = f(ρ(h0), . . . , ρ(hk)), such that the diagram
H∗cb(G)
κ∗

ρ∗
b // H∗cb(H)
κ∗

H∗c(G)
ρ∗ // H∗c(H)
commutes.
The map ρ∗b : H
∗
cb(G) → H∗cb(H) is norm decreasing in each degree, i.e. for
all α ∈ Hkcb(G), we have ||ρ∗b(α)|| ≤ ||α||.
Later we will study group homomorphisms ρ satisfying
||ρ∗b(α)|| = ||α||
for specific α ∈ H2cb(G). These are the tight homomorphisms which were dis-
cussed in the introduction.
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2. Functorial approach
We sketch the idea of the functorial approach to continuous bounded coho-
mology developed in [70] and [19]. For the corresponding functorial descrip-
tion of the usual continuous cohomology see [47]. An important advantage of
the functorial approach is that one obtains complexes realizing the cohomol-
ogy which are easier to compute than the homogeneous standard resolution
described above.
2.1. Resolutions by relatively injective G-modules. For the functo-
rial approach one defines a class of so called relatively injective G-modules. One
considers strong resolutions of R by relatively injective G-modules, these are
resolutions admitting special contraction homotopies. Finally the cohomology
of the (unaugmented) complex of G-invariants of such resolutions is canonically
isomorphic to the cohomology of G with real coefficients. Relative injectivity is
an extension property of the modules Ei that guarantees that, given two strong
resolutions of e.g. R by relatively injective G-modules Ei, Fi, the identity map
on the coefficients extends to a G-morphism of the resolutions, thus to an iso-
morphism of the cohomology groups defined by the corresponding complexes of
G-invariants.
2.2. Bounded cohomology via resolutions. We review the notions for
bounded continuous cohomology, for the corresponding notions for usual con-
tinuous cohomology see [47].
Definition 2.1. A Banach G-module E is a Banach space E together with an
isometric G-action.
Definition 2.2. The maximal continuous submodule CE of a Banach G-module
E is the set of vectors e ∈ E such that the map G→ E, g 7→ ge is continuous.
Definition 2.3. A Banach G-module E is called G-relatively injective (in the
category of Banach G-modules) if it satisfies the following extension property:
given an injective G-morphism i : A → B of Banach G-modules A and B,
a linear norm one operator (not necessarily a G-morphism) σ : B → A such
that σ ◦ i = idA and α : A → E a G-morphism, there exists a G-morphism
β : B → E, satisfying β ◦ i = α, ||β|| ≤ ||α||.
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Definition 2.4. A resolution E• of R is an exact complex of Banach G-modules
Ei, with E−1 = R. A resolution is called a resolution by relatively injective
modules, if all modules Ei, i ≥ 0 are relatively injective.
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Definition 2.5. The complex E• is called strong, if the complex CE• of max-
imal continuous submodules admits linear operators Ki : CEi → CEi−1 with
||Ki|| ≤ 1, Ki+1di + di−1Ki = 1 for all i ≥ 0 and K0d−1 = id.
Theorem 2.6 ([19, 70]). Let E• be a strong resolution by relatively injec-
tive Banach G-modules. Then the cohomology of the corresponding unaug-
mented complex of G-invariants E•G is topologically isomorphic to the contin-
uous bounded cohomology of G with coefficients in R, i.e. H∗(E•G) ∼= H∗cb(G).
The isomorphism H∗(E•G) ∼= H∗cb(G) is not necessarily an isometric iso-
morphism, but the seminorm on H∗cb(G) defined as the infimum of the induced
seminorms taken over all strong relatively injective resolutions concides with
the seminorm defined by the homogeneous standard resolution above.
2.3. A preferred resolution for continuous cohomology. A conse-
quence of the functorial approach to continuous cohomology is, that the con-
tinuous cohomology of a semisimple connected Lie group G with finite center is
given by (the cohomology of the complex of) G-invariant differential forms on
its associated symmetric space [47]. Let K be a maximal compact subgroup of
G and X = G/K the associated symmetric space. Denote by Ωk(X) the space
of (smooth) differential forms on X and by d the exterior differential. Then
(Ω•(X), d) is a strong relatively injective resolution of G-modules. The exterior
differential restricts to the complex of G-invariant differential forms Ω•(X)G as
the zero mapping. Hence there are no coboundaries which have to be taken
into account, in particular
Hkc (G)
∼= ker(d : Ω
k(X)G → Ωk+1(X)G)
im(d : Ωk−1(X)G → Ωk(X)G)
∼= Ωk(X)G.
For a lattice Γ < G one obtains
Hkc (Γ)
∼= ker(d : Ω
k(X)Γ → Ωk+1(X)Γ)
im(d : Ωk−1(X)Γ → Ωk(X)Γ)
∼= HkdR(Γ\X).
This specific realization of the continuous cohomology allows to make com-
putations and shows for example that the continuous cohomology of G and
Γ vanishes in degrees above the dimension of X what is not clear from the
definition using the complex C(G•)G.
A (co)chain morphism F : Ωk(X)→ C(Gk+1)G is given by integration over
geodesic simplices
F (ω)(g0, . . . , gk) :=
∫
∆(g0K,...,gkK)
ω,
where ∆(g0K, . . . , gkK) denotes the geodesic simplex with (ordered) vertices
(g0K, . . . , gkK) built successively by geodesic cones.
2.4. A preferred resolution for bounded continuous cohomology.
Suppose that G is a semisimple Lie group with finite center and that Γ < G
is a lattice in G. Let P < G be a minimal parabolic subgroup in G. The
homogeneous space G/P , called the Furstenberg boundary of G, is compact.
Let µ be the Lebesgue measure on G/P . Denote by L∞alt((G/P )
k) the space of
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essentially bounded measurable alternating functions on (G/P )k. The natural
diagonal left action of G on (G/P )k induces a left action on L∞alt((G/P )
k) which
turns it into a Banach G-module which is in fact relatively injective since P is
amenable. The restriction of the action of G to Γ turns L∞alt((G/P )
k) into a
relatively injective Banach Γ-module.
Denote by L∞alt((G/P )
k)G the space of essentially invariant functions in
L∞alt((G/P )
k). Define a G-morphism d : L∞alt((G/P )
k) → L∞alt((G/P )k+1) as
above by
(df)(g0P, . . . , gkP ) :=
k∑
i=1
(−1)if(g0P, . . . , ĝiP , . . . gkP ).
The complex (L∞alt((G/P )
•, d) is a strong G-resolution of relatively injective
Banach G-modules, and thus
Hkcb(G)
∼= ker(d : L
∞
alt((G/P )
k+1)G → L∞alt((G/P )k+2)G)
im(d : L∞alt((G/P )k)G → L∞alt((G/P )k+1)G)
.
Similarly
Hkcb(Γ)
∼= ker(d : L
∞
alt((G/P )
k+1)Γ → L∞alt((G/P )k+2)Γ)
im(d : L∞alt((G/P )k)Γ → L∞alt((G/P )k+1)Γ)
.
The seminorm induced from the norm on L∞alt((G/P )
k+1)G realizes the semi-
norm on Hkcb(G).
This resolution is a preferred resolution, because of its geometric origin and
because it is “very small” in the following sense:
Proposition 2.7. [19] The actions of G and Γ are amenable on G/P and
ergodic on G/P ×G/P , in particular L∞alt((G/P )2)G = L∞alt((G/P )2)Γ = 0 and
there are isometric isomorphisms
H2cb(G)
∼= ker(d : L∞alt((G/P )3)G → L∞alt((G/P )4)G)
H2cb(Γ)
∼= ker(d : L∞alt((G/P )3)Γ → L∞alt((G/P )4)Γ).
Recall the notion of amenability of a G-action ([92]):
Definition 2.8. Let S be a standard Borel space equipped with a probability
measure. Assume that S is endowed with a measure class preserving Borel
G-action. The G-action on S is said to be amenable if for every separable
Banach space E and every Borel right cocycle α : S ×G→ Iso(E) the dual α∗-
twisted action on E∗ satisfies that any α∗-invariant Borel field {As}s∈S ⊂ E∗1 of
nonempty convex weak-* compact subsets As admits an α
∗-invariant section.
When S is a regular G-space the action of G being amenable relates to
certain modules being relatively injective.
Proposition 2.9. [70, Theroem 5.7.1.] Let S be a regular G-space. The fol-
lowing are equivalent:
(1) The G-action on S is amenable.
(2) The G-module L∞(Sn+1) is relatively injective for all n ≥ 0.
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Definition 2.10. The G-action on S is said to be doubly ergodic if G acts
ergodically on S × S.
This property is usually called mixing, but we adapt the notion of doubly
ergodicity which applies to more general G-modules.
For a finitely generated group Λ let (S, ν) be a Poisson boundary for Λ such
that Λ acts amenably and doubly ergodically on (S, ν). (For the construction
see for example [19, 15].) The action of Γ on S is amenable and doubly ergodic,
hence the modules L∞alt((S)
n+1) are relatively injective and L∞alt((S)
2)Λ = {0},
thus
H2cb(Λ) = ker(d : L
∞
alt((S)
3)Λ → L∞alt((S)4)Λ).
Remark 2.11. The bounded cohomology of a surface group in degree 3 is not a
Banach space [84], therefore we cannot hope for a generalization of this result
to higher degrees for discrete groups. Nevertheless, as far as the author knows,
there is no example of a continuous bounded cohomology space of a semisimple
connected Lie group with finite center not being a Banach space.
3. Implementing pull-back maps
Any (continuous) group homorphism ρ : Λ→ G induces a natural pull-back
map in cohomology as described above with the homogeneous bar resolution.
Let H,G be connected semisimple Lie groups with finite center and Λ a finitely
generated group. Suppose that ρ : Λ → G is a homomorphism. We want to
find an implementation of the pull-back maps ρ∗ respectively ρ∗b in our preferred
resolutions (Ω•(X), d) respectively (L∞alt((G/P )
•, d)
3.1. The pull-back in continuous cohomology. Denote by Y,X the
symmetric spaces of noncompact type associated to H and G. Assume that Λ is
a lattice in H and denote byM = Λ\Y the quotient by Λ. The homomorphism
induces a flat bundle over M
Xρ := X ×ρ Y,
where X×ρY is obtained by dividing X×Y by the equivalence relation (x, y) ∼
(ρ(h)x, hy), h ∈ Λ. Since the bundle is flat and the space X is contractible, we
obtain a (smooth) section, hence a ρ-equivariant (smooth) map f : Y → X.
Given a G-invariant differential form ω ∈ Ωk(X)G, the pull-back f∗ω is a
well defined (smooth) closed differential form f∗ω ∈ Ωk(Y ), which, by equiv-
ariance of f , is Λ-invariant, hence ρ∗([ω]) = [f∗ω] ∈ Hkc (Λ).
3.2. The pull-back in bounded continuous cohomology. For con-
tinuous bounded cohomology, we would like to implement the pull-back via a
ρ-equivariant measurable boundary map ϕ : S → M1(G/P ) of a doubly er-
godic Poisson boundary (S, ν) of Λ into the space of probability measures on
the Furstenberg boundary G/P of G which always exists in the above situation,
since the action of Λ on S is amenable and G/P is a compact metrizable space.
Proposition 3.1. [92, Theorem 4.3.9.] Let ρ : Λ → G be a representation.
Assume that the action of Λ on S is amenable. There exists a measurable
almost everywhere ρ-equivariant map ψ : S →M1(G/P ).
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Proof. We consider the special situation where E = C(G/P ) is the space
of continuous functions on G/P . Then the space of probability measure
M1(G/P ) ⊂ E∗1
is compact and convex. Consider the field As = M1(G/P ) for all s ∈ S
and apply the definition of amenability of a G-action. Then Λ acts on the
affine Λ-space F (S,M1(G/P )) of measurable maps from S to M1(G/P ) by
(gϕ)(s) = ρ(g)ϕ(g−1s). Since Λ acts amenably on S, there is a fixed point
ϕ in F (S,M1(G/P )), i.e. a measurable map ϕ : S → M1(G/P ) such that
ρ(g)ϕ(g−1s) = (gϕ)(s) = ϕ(s). 
Even when the boundary map takes values in the space of Dirac measures
on G/P , which we identify with G/P , we encounter the problem that the push-
forward measure ϕ∗(ν) on G/P is in general not absolutely continuous with
respect to the Lebesgue measure on G/P . Thus the precomposition with ϕ
does not give a map ϕ∗ : L∞alt((G/P )
k)G → L∞alt((S)k)Λ.
Fortunately in the geometric context, the specific representatives of bounded
cohomology classes are generally not only defined almost everywhere essentially
bounded measurable functions on the Furstenberg boundary, but they are strict
(i.e. everywhere defined) Borel cocycles. Using the functorial approach it is
shown in [14], that the pull–back of these cocycles can be implemented via the
ρ-equivariant measurable boundary map ϕ : S →M1(G/P ) of the boundaries.
More precisely, let Z be a compact metrizable space with a continuous G action.
Denote by B∞(Zn) the Banach space of bounded Borel measurable functions
defined everywhere on Zn, i.e.
B∞(Zn) := {f : Zn → R | f Borel measurable, sup
x∈Zn
|f(x)| <∞}
and by B∞alt(Zn) the subspace of alternating functions in B∞(Zn). If we endow
B∞alt(Zn) with the induced G-action and with the homogeneous boundary oper-
ator, we obtain a strong resolution of Banach G-modules, but the modules are
not known to be relatively injective. Nevertheless we have the following results
from [14]:
Proposition 3.2. There is a canonical map
H∗(B∞alt(Z∗+1)G)→ H∗cb(G).
In particular, every alternating Borel measurable G-invariant cocycle
c : Zn+1 → R
canonically determines a class [c] ∈ Hncb(G).
Proposition 3.3. Suppose that ϕ : S →M1(Z) is a measurable almost every-
where ρ-equivariant map. Let c : Zn+1 → R be an alternating Borel measurable
G-invariant cocycle and [c] ∈ Hncb(G) its associated bounded cohomology class.
Then the pull-back ϕ∗(c) defined by
ϕ∗(c)(y0, · · · , yn) := ϕ(y0)⊗ · · · ⊗ ϕ(yn)(c)
defines a cocycle in L∞alt((S)
n+1)Λ representing the bounded cohomology class
ρ∗([c]) ∈ Hncb(Λ)
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Remark 3.4. We described the method to implement pull-back maps for homo-
morphisms of a discrete group Λ into G. The same methods allow to pull-back
cocycles for homomorphisms ρ : H → G, where H is for example a connected
semisimple Lie group with finite center.
4. Properties
We collect some properties of continuous bounded cohomology which will
be used later on.
4.1. Subgroups and quotients.
Proposition 4.1. [70, Corollary 8.8.5 and 7.5.10] Let G be a locally compact
second countable topological group.
(1) Suppose G0 ⊳G is a normal subgroup of finite index.
Then H∗cb(G) ∼= H∗cb(G0)G/G0 is an isometric isomorphism.
(2) Suppose R⊳G is a normal closed amenable subgroup. Then there is
a isometric isomorphism H∗cb(G) ∼= H∗cb(G/R).
4.2. Degree 2. In degree two one has more insight in the bounded coho-
mology than in other degrees. As a direct consequence of Proposition 2.7, the
continuous bounded cohomology of G and Γ in degree two are Banach spaces.
This is special for degree two. Furthermore there is a Ku¨nneth type formula in
degree two (see [19, Corollary 4.4.1.]).
Proposition 4.2. [70, Corollary 12.0.4]
Let G = G1 × · · · × Gk be a locally compact second countable topological
group Then
H2cb(G,R) →
k⊕
i=1
H2cb(Gi,R),
α 7→ ⊕α|Gi
is an isometric isomorphism with respect to the induced l1-norm, i.e. ||α|| =∑k
i=1 ||α|Gi ||.
For semisimple Lie groups with finite center, the comparison map κ in degree
2 is completely understood.
Proposition 4.3. [48, 29][18, Lemma 6.1] Let G be a connected semisimple
Lie group with finite center, then
κ : H2cb(G)→ H2c(G)
is an isomorphism.
CHAPTER 2
Symmetric spaces
We recall some basic facts on symmetric spaces. For a thorough account
of symmetric spaces including proofs of the properties given below we refer
the reader to the books of Helgason [51] and Warner [89]. A treatment of
symmetric spaces of noncompact type can be found in Eberlein’s book [31].
1. Definitions
Definition 1.1. A simply connected Riemmannian manifold X is called a sym-
metric space if every point p ∈ X is an isolated fixed point of an involutive
isometry sp : X → X.
A symmetric space is said to be of noncompact type if the Ricci curvature
of X is negative.
The involutive isometry sp is the geodesic symmetry that is defined for
any Riemannian manifold M as follows. Let U0 ⊂ TpM be a (small enough)
symmetric neighbourhood of 0 ∈ TpM , let Np = expp(U0) ⊂ M be the image
of U0 under the Riemannian exponential mapping. Then sp : Np → Np, q 7→
expp(− exp−1p (q)) is called geodesic symmetry.
The connected component of the group of isometries of X containing the
identity, G = Is◦(X) acts transitively onX. Thus choosing a base point x0 ∈ X,
we may realize X as a homogeneous space X = G/K, whith K = StabG(x0).
If furthermore X is of noncompact type, then G is a connected semisimple Lie
group without compact factors and without center. On the other hand, if G
is a connected semisimple Lie group with finite center, then we can associate
to G a symmetric space of noncompact type: Namely, if K < G is a maximal
compact subgroup, then X = G/K is a symmetric space of noncompact type.
If G is compact, then X is a point.
Definition 1.2. Let G be a reductive Lie group. The symmetric space associ-
ated to G is the symmetric space associated to its semisimple part.
A symmetric space X is called irreducible if X does not split as a product
X = X1 ×X2.
IfX is of noncompact type the irreducibilty ofX is equivalent to G = Is(X)◦
being a simple group.
1.1. Cartan decomposition. The involutive isometry sp at a point p ∈ X
defines an involution σp of G, σp(g) := sp ◦ g ◦ sp. Under the identification
g ∼= TeG the differential (σx0)∗ defines the Cartan involution of the Lie algebra
g of G
θ = (σx0)∗ : g→ g.
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The Lie algebra g decomposes into the (±1)-eigenspaces of θ, g = k ⊕ p with
θ|k = Idk, θ|p = −Idp, satisfying the relations [k, k] ⊂ k, [k, p] ⊂ p, [p, p] ⊂ k. The
(+1)-eigenspace k is a Lie subalgebra which is identified with the Lie algebra of
K. The Cartan decomposition of g = k ⊕ p is orthogonal with respect to the
Killing form
B : g× g → R
(X,Y ) 7→ tr(ad(X) ◦ ad(Y ))
The Killing form defines a nondegenerate Ad(K)-invariant symmetric bilin-
ear form on g, by
〈X,Y 〉 := −B(X, θ(Y )),
whose restriction to p is positive definite.
The differential π∗ : g → Tx0X of the orbit map π : G → X, g 7→ gx0 has
kernel k and thus induces an identification p ∼= Tx0X. The restriction of the
Killing form to p defines an inner product on Tx0X. Using the transitivity of
G, we may extend 〈 ., . 〉 to a G-invariant metric on X, which, up to scaling on
the factors, coincides with the given Riemannian structure on X.
1.2. Maximal abelian subalgebras. From now on X will be a symmet-
ric space of noncompact type endowed with the metric q0 =
1
2 〈 . , . 〉.
Definition 1.3. The rank rX of a symmetric spaceX is the maximal dimension
of an isometrically and totally geodesically embedded Euclidean subspace in X,
rX := max{k | Rk → X isometric and totally geodesic embedding}.
A k-flat, for k ≤ rX , in X is the image of an isometric totally geodesic embed-
ding Rk → X. A maximal flat or a flat is an rX-flat.
The rank of a symmetric space on noncompact type is at least 1, since
geodesics are isometric embeddings of R. A symmetric space of higher rank
contains subspaces on which the curvature is zero.
Let a ⊂ p be a maximal abelian subspace and A = exp(a). Then F0 = Ax0
is a maximal flat in X. In particular, rX = max{dim(a) | a ⊂ p, [a, a] = 0}. All
maximal flats in X are conjugates by K of F0.
Definition 1.4. A geodesic γ in X is said to be regular if it is contained in
exactly one maximal flat, otherwise it is called singular. A vector X ∈ p is
called regular (resp. singular) if the geodesic g(t) = exp(tX)x0 is regular (resp.
singular).
Definition 1.5. Let asing be the set of singular vectors in a.
Definition 1.6. A positive Weyl chamber is the choice of a connected compo-
nent a+ of a \ asing.
The choice of a maximal compact subgroup K < G and a positive Weyl
chamber determine the Cartan decomposition G = K exp(a+)K. This decom-
position g = kak′ is in general not unique, but the element a ∈ exp(a+) is
uniquely determined.
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The Weyl group W of (g, a) is the group of reflections generated by the
hyperplanes bounding a+. The choice of a positive Weyl chamber is related to
the choice of a fundamental system of roots.
Definition 1.7. A real root of (g, a) is a nontrivial linear form α ∈ a∗ such that
the corresponding root space
gα := {X ∈ g | ad(H)(X) = α(H)X}
is nonzero.
We denote the set of all roots of (g, a) by Ξ(g, a). Since for all H ∈ a
the operators ad(H) are commuting and self-adjoint operators, we obtain a
decomposition into the eigenspaces, i.e. into root spaces, g = g0 ⊕α∈Ξ gα.
The choice of a basis of a induces a lexicographical order on Ξ(g, a) and a
decomposition of Ξ = Ξ+ ∪ Ξ− into the sets of positive roots Ξ+ and negative
roots Ξ−. A positive root α is called simple, if it cannot be written as sum of
two positive roots. A fundamental system ∆ ⊂ Ξ is a set ∆ = {γ1, . . . , γr} of
positive simple roots such that any root α can be written as α =
∑r
i=1 niγi,
where either ni ≥ 0 for all i or ni ≤ 0 for all i.
The choice of a fundamental system ∆ is equivalent to the choice of a
positive Weyl chamber in a defined by
a+ = {X ∈ a | γi(X) > 0, ∀γi ∈ ∆}
The Weyl group, generated by elements si, sending γi to −γi and permuting
the other simple positive roots γj, acts on Ξ(g, a). It contains a unique element
wmax such that wmax(Ξ
+) = Ξ−.
The sets of positive and negative roots Ξ± determine nilpotent subalgebras
n± = ⊕α∈Ξ±gα and corresponding nilpotent subgroups N± = exp(n±) < G.
Proposition 1.8. The multiplication map
K ×A×N± → G,
(k, a, n) 7→ kan
is a diffeomorphism onto G, called the Iwasawa decomposition of G.
1.3. Parabolic subgroups. Let
a+ := {X ∈ a | γi(X) > 0, ∀γi ∈ ∆}
be the positive Weyl chamber associated to ∆.
For a set θ ⊂ ∆, we define
a+θ := {X ∈ a | γi(X) > 0 ∀γi ∈ ∆− θ and γi(X) = 0 ∀γi ∈ θ}.
Definition 1.9. Vectors in a+θi with θi = ∆−{γi} are called maximal singular.
Let Mθ denote the centralizer of aθ in K and mθ its Lie algebra. To any
subset θ ⊂ ∆ there is an associated system of standard parabolic subgroups
Pθ = MθAN
+, where P = P∅ = M∅AN+ is the minimal parabolic subgroup.
Every parabolic subgroup of G is conjugate via K to a standard parabolic
subgroup Pθ for some θ ⊂ ∆. The following inclusion relations hold: a+θ′ ⊂ a+θ
if and only if Pθ ⊂ Pθ′.
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2. Boundaries
There a several nonisomorphic compactifications of a symmetric space X of
noncompact type. We describe two compactifications that are of importance in
the later chapters. For a detailed study of the different compactifications see
[49] and also the unified approach in [6].
2.1. Geometric boundary and conical compactification. Define an
equivalence relation on the set of all unit speed geodesics in X by calling γ, η
asymptotic if limt→+∞ d(γ(t), η(t)) < ∞. The geometric boundary X(∞) is
the set of all equivalence classes of asymptotic geodesics in X. The conical
compactification of X is defined as
X
c
= X ∪X(∞).
A geodesic ray is said to be of type Q if StabG(γ(∞)) = Q, where the parabolic
subgroup Q < G is minimal if and only if γ is a regular geodesic ray, maximal if
and only if γ is a maximal singular geodesic ray. Since every parabolic subgroup
is conjugate by an element ofK to a standard parabolic subgroup Pθ determined
by a proper subset θ ⊂ ∆, we can define Xθ(∞) to be the set of equivalence
classes of asymptotic rays, where Q is conjugate to Pθ. A geodesic ray is said to
be of type θ if StabG(γ(∞)) is conjugate to the standard parabolic subgroup Pθ.
In particular we have the following decomposition of the geometric boundary
X(∞) = ∐θ⊂∆Xθ(∞)
Representing every equivalence class by a geodesic going through x0 and asso-
ciating to every geodesic through x0 its tangent vector at this point defines a
bijection
X(∞)→ T 1x0X ∼= Ad(K)a+
which respects the stratification Xθ(∞) ∼= a+θ and identifies X(∞) with the
unit tangent sphere at x0 ∈ X. We endow X(∞) with the topology of the
latter. The action of G on X extends to a continuous action on X(∞). The
boundary strata Xθ are G-invariant and satisfy the following closure relations
Xθ(∞) = ∐θ⊂θ′Xθ′(∞).
Note that for θi = ∆−{γi}, Xθi(∞) is the G-orbit of one point and can be
identified with G/Pθi . Since G = KPθi , Xθi(∞) is also the K-orbit of a point.
We define
Θr := {θ ⊂ ∆| γr /∈ θ}
Θi := {θ ⊂ ∆| γi /∈ θ , θ /∈ Θj for j > i}.
Then θi := ∆ − {γi} ∈ Θi. We denote by XΘi(∞) the equivalence classes of
geodesic rays of type θ with θ ∈ Θi.
2.2. The Furstenberg compactifications. The Furstenberg compactifi-
cations are defined by embedding X = G/K into a set of probability measures
on a compact space. The most popular such compactification is the maximal
Furstenberg compactification which embeds X into the space of probability
measures M1(G/P ) on the compact homogeneous space defined by a minimal
parabolic subgroup P < G. The closure of X in M1(G/P ) contains the set of
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Dirac measures on G/P which we identify with G/P . This part G/P of the
boundary of the maximal Furstenberg compactification is called Furstenberg
boundary.
Furstenberg compactifications can be defined for any proper subset θ ⊂ ∆ of
the set of simple roots. Given θ ⊂ ∆, let Pθ be the associated standard parabolic
subgroup of G. The space G/Pθ is a compact homogeneous space on which K
acts transitively. There exists a unique K-invariant probability measure νθ on
G/Pθ ∼= K/Mθ. The symmetric space X = G/K can be embedded into the
space of probability measures M1(G/Pθ) on G/Pθ via
F : X → M1(G/Pθ),
gK 7→ g∗νθ.
The θ-Furstenberg compactification of X is the closure of F (X) in M1(G/Pθ).
The boundary of the θ-Furstenberg compactification of X contains as a distin-
guished closed subspace the space of Dirac measures on G/Pθ which we identify
with G/Pθ. This subspace is called the θ-Furstenberg boundary of X.
Remark 2.1. The maximal Furstenberg boundary plays an important role in
continuous bounded cohomology. A parabolic subgroup in G is amenable if and
only if it is a minimal parabolic subgroup. In particular, G acts amenably on
G/P and thus the resolution by essentially bounded measurable functions on
Cartesian products of G/P give a strong relatively injective resolution. The
action of G on the smaller Furstenberg boundaries is not amenable, but sev-
eral specific geometric representatives of bounded cocycles (e.g. the Bergmann
cocycle, to be discussed later, or an explicit representative of the Euler class)
are defined on smaller Furstenberg boundaries. The θ-Furstenberg compacti-
fication is isomorphic to the θ-Satake compactification defined via irreducible
representations of G. The proof of Savage [83] that the invariant volume form of
the symmetric space X associated to SL(n,R) is bounded uses a non-maximal
Satake compactification of X.
3. Totally geodesic submanifolds
In contrast to other Riemannian manifolds, symmetric spaces have a lot of
totally geodesic submanifolds, which can be described in terms of Lie algebras.
Definition 3.1. Let M be a Riemannian manifold and S ⊂M be a connected
submanifold. Then S is said to be totally geodesic if any geodesic in S is a
geodesic in M .
Definition 3.2. Let g be a real Lie algebra. A subspace s ⊂ g is called a Lie
triple system if [[s, s], s] ⊂ s.
Proposition 3.3. There is a one-to-one correspondence between totally geo-
desic submanifolds S of X through x0 and Lie triple systems s ⊂ p ⊂ g. More
precisely, if s ⊂ p is a Lie triple system in g then the image of s under the Rie-
mannian exponential mapping, S = exp(s)x0, is a totally geodesic submanifold
of X through x0. If S is a totally geodesic submanifold of X through x0 then
s = Tx0S is a Lie triple system in g.
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In particular, since for simple Lie algebras [p, p] = k, we obtain a one-to-one
correspondence between totally geodesic embeddings f : Y → X of symmetric
spaces Y = H/KH , X = G/K and Lie algebra homomorphisms π : h → g
satisfying π(kH) ⊂ k, π(pH ) ⊂ p.
Suppose that S is the image of a totally geodesic embedding f : Y → X.
We would like to associate a homomorphism π : H → G of the isometry groups
of Y and X. This is not always possible for the connected components of the
identity of the isometry group of Y , but it is possible for some finite extension.
Namely, given any point p ∈ S, the isometry of X defined by the geodesic
symmetry sp in p is an isometry of S, hence of Y , but it need not necessarily
lie in the connected component of the identity of Is(Y ) even if it lies in Is(X)◦.
Therefore to a totally geodesic embedding f : Y → X we cannot in general
associate a homomorphism π : H → G of the connected components of the
isometry groups. But there always exists a finite extension HY of H such that
there is a homomorphism π : HY → G with respect to which f is an equivariant
totally geodesic embedding. We call π : HY → G the corresponding Lie group
homomorphism of f .
4. Real structure and duality
4.1. G as real algebraic group. The Lie algebra g of the connected
component of the isometry group G of a symmetric space of noncompact type
is a real semisimple Lie algebra. We want an algebraic structure on G. Let
gC be the complexification of g, then GC = Aut(gC)
◦ is a connected linear
algebraic group defined over R. There is a real structure on GC with respect to
which G = GC(R)
◦. This algebraic structure allows us to work with the Zariski
topology on G.
4.2. Duality. While there is only one compact real form of the simple
complex group GC, there are different noncompact real forms of the same sim-
ple complex group GC. For example, all groups SU(p, q) with p + q = n are
real forms of SL(n,C), whereas the only compact real form is SU(n). Never-
theless, on the level of the associated symmetric spaces, i.e. on the level of the
Lie algebra together with a Cartan involution, there exists a duality between
symmetric spaces of compact and noncompact type.
Let g be a simple real Lie algebra and g = k ⊕ p ⊂ gC a Cartan decom-
position. Then g∗ := k ⊕ ip is a simple real Lie algebra. The Lie algebra g
is noncompact if and only if g∗ is compact and vice versa. Let G,G∗ be the
corresponding adjoint groups. If the associated symmetric space X = G/K is
of noncompact type, the dual symmetric space Xc = G∗/K is of compact type.
The space Xc = G∗/K is called the compact dual of X = G/K.
CHAPTER 3
Hermitian symmetric spaces
We review some facts about Hermitian symmetric spaces which will be used
later. We do not give proofs for the classical results. The reader is refered to
the well written article of A. Kora´nyi [33], the article of J.Wolf [90] and the
book of I. Satake [82]. The results on algebraic groups can be found in A.
Borel’s book [5].
We use the notations from the previous chapter.
1. Definitions
Definition 1.1. A simply connected complex manifold X with a Hermitian
structure is a Hermitian symmetric space if every p ∈ X is an isolated fixed
point of an involutive holomorphic isometry of X.
Proposition 1.2. [48] An irreducible symmetric space X is Hermitian if it
satisfies one of the following equivalent properties
(1) X admits a Is(X)◦-invariant Ka¨hler form.
(2) X carries a Is(X)◦-invariant complex structure.
(3) The center c(k) of k is nontrivial.
(4) dim(H2c(G)) 6= 0.
A semisimple Lie group G without compact factors and with finite center is
said to be of Hermitian type if its associated symmetric space X is Hermitian
symmetric. Fixing a G-invariant complex structure on X there exists an unique
element Zg ∈ c(k) in the center of k such that ad(Zg) is the complex structure
of X in Tx0X
∼= p. The complexification gC = g ⊗ C splits under ad(Zg)
as gC = kC ⊕ p+ ⊕ p−, where p±, the (±i) eigenspaces of pC with respect to
ad(Zg), are maximal abelian subalgebras of gC; they can be identified with the
holomorphic and antiholomorphic tangent space of X in x0. Under the complex
conjugation σ of gC with respect to g, respectively of GC with respect to G, we
have σ(p±) = p∓ and σ ◦ exp = exp ◦σ.
Let h ⊂ k be a maximal abelian subalgebra, in particular c(k) ⊂ h. The
complexification hC = h ⊗ C ⊂ gC is a Cartan subalgebra in gC. The system
Ψ = Ψ(gC, hC) of roots of gC relative to hC induces a root space decomposition
gC = hC⊕
⊕
α∈Ψ gα. This decomposition is compatible with the decomposition
gC = kC⊕p+⊕p−. Denote by Ψk = {α ∈ Ψ | gα ⊂ kC} the set of compact roots,
by Ψp± = {α ∈ Ψ | gα ⊂ p±} the set of positive (resp. negative) noncompact
roots. To each root α ∈ Ψ we associate a three dimensional simple subalgebra
g[α] = 〈Hα, Eα, E−α〉 ⊂ gC, where Hα ∈ hC is the element uniquely determined
by α(H) = 2 B(H,Hα)
B(Hα,Hα)
for all H ∈ hC, and Eα are generators of gα determined
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by requiring that τ(Eα) = −E−α, where τ is the complex conjugation of gC with
respect to the compact real form gU = k+ ip, and that [Eα, E−α] = Hα. Then
p± =
∑
α∈Ψp± CEα and the elements Xα = Eα + E−α and Yα = i(Eα − E−α)
form a real basis of p.
2. The Borel embedding
From now on we assume that G = Is(X)◦; then GC = Aut(gC)◦ is a con-
nected linear algebraic group defined over R and G = GC(R)
◦. Denote by
P+, P−,KC the analytic subgroups of GC with Lie algebras p+, p−, kC, respec-
tively. Then KC, P+, P− are algebraic subgroups, KC normalizes P+ and P−.
The semidirect products KCP± have Lie algebras
∑
α∈Ψk∪Ψp± gα. In particular,
KCP+ and KCP− are opposite parabolic subgroups of GC, with P± being the
unipotent radicals. Proposition 14.21. in [5] implies that the product map in-
duces an isomorphism of varieties of P±×KCP∓ onto a Zariski open and dense
subset of GC which equals P±KCP∓. Thus the decomposition of g ∈ P±KCP∓
as g = (g)±(g)0±(g)∓ is unique and the projection P±KCP∓ → KC defined by
this decomposition is a regular map.
The homogeneous spaces M± = GC/KCP∓ are compact complex varieties.
Let x±0 denote the base points x
±
0 = eKCP∓ ∈ M±. Let U± = P±x±0 ⊂ M±.
Define maps
ξ± : p± → U± ⊂M± by ξ±(z) = exp(z)x±0 ,
with exp : gC → GC being the exponential map.
Lemma 2.1. The maps ξ± are KC-equivariant isomorphisms of varieties.
Proof. The orbit maps P± → U± are isomorphisms of varieties (see [5,
Theorem 14.12]). Since P± is unipotent, the exponential maps exp : p± → P±
are isomorphisms of varieties (see Appendix). The maps ξ are the compositions
of the isomorphism exp with the isomorphisms of varieties P± → U±. 
Since P±KCP∓ contains G and satisfies K = G ∩ KCP±, we can define
holomorphic embeddings, called Borel embeddings,
X = G/K →M± by gK 7→ gx±0 .
2.1. Kernel functions. Define U ⊂ p+ × p− to be the subset of z, w ∈
p+ × p− such that exp(−w) exp(z) ∈ P+KCP−. Define U ′ ⊂ p+ × p+ to be the
subset of z1, z2 ∈ p+ × p+ such that (z1, σ(z2)) ∈ U .
Let V± ⊂ GC × p± be the set of all g ∈ GC, z ∈ p± such that
g(exp(z)) ∈ P±KCP∓.
We define the automorphy factors
J± : V± → KC
by J±(g, z) = (g exp(z))0± , and the complexified automorphy kernel
KC : U → KC
by KC(z, w) = (exp(−(w)) exp(z))0+ = J+(exp(−w), z).
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Define
kC := det(Ad|p+ K
C) : U → C and j±(g, z) := detAd|p± J±(g, z) : V± → C.
Lemma 2.2. Then kC is a rational function on p+ × p− which, on the domain
of definition, satisfies
(1) kC(gz, gw) = j−(g,w)k(z, w)j+(g, z)−1, where gz = log((g exp(z))+)
(2) kC(σ(w), σ(z)) = kC(z, w)
Proof. The map kC is a regular function on the Zariski open subset U ⊂
p+ × p−, since it is the composition of two regular maps K : U → KC and
det(Ad |p±) : KC → C. Properties (1) and (2) follow by direct calculation. 
Remark 2.3. In the domains of definition j±(g, z) is the complex Jacobian of
the holomorphic action of GC on p±, defined by g(z) = log((g exp(z))+)
3. The Harish-Chandra embedding
Hermitian symmetric spaces of noncompact type are in one-to-one corre-
spondence with bounded symmetric domains.
Definition 3.1. A bounded symmetric domain D ⊂ CN is a bounded open
connected subset of CN , such that every z ∈ D is the isolated fixed point of an
involutive automorphism sz ∈ Aut(D).
Let us recall the construction of the Harish-Chandra maps Φ± : X → p±
which realize X as bounded symmetric domains D± = Φ±(X) ⊂ p± ∼= CN .
The images of ξ± in M± contain the images of X under the Borel embedding
into M±. The inverses of the maps ξ± restricted to the images of X in M±
define the Harish-Chandra maps Φ± : X → p±. To take a closer look at the
maps Φ±, we need the notion of strongly orthogonal roots.
3.1. Strongly orthogonal roots. Two roots α, β ∈ Ψ are called strongly
orthogonal if neither α−β nor α+β is a root. By a theorem of Harish-Chandra
(see [50, p. 582-583]) there exists a (maximal) set {ξ1, . . . , ξr} ⊂ Ψp+ of r = rX
strongly orthogonal positive noncompact roots, such that the associated vectors
Xj = Xξj ∈ p, j = 1, . . . , r span a maximal abelian subspace a of p over R. The
set of strongly orthogonal roots determine a fundamental system of the root
system Ξ(g, a).
Denote by h− the real span of Hj = Hξj . The subalgebra h
− is, via the
adjoint action of the Cayley element c = exp(π4 i
∑r
j=1Xj) ∈ GC, c ∈ GC,
conjugate to ad(Zg)a. Under ad(Zg)Ad(c) the root system Ξ(g, h
−) is mapped
to the root system Ξ(g, a) of real roots of g relative to a. Denote the image
of ξj by µj ∈ ∆(g, a). Let ∆ = {γ1, . . . γr} be a fundamental system of simple
positive roots of Ξ(g, a) with respect to the lexicographical order, induced by
the order on Ψ which was chosen above.
Then, assuming for simplicity that g is simple, γj = µj − µj+1 for j 6= r
and γr = 2µr if Ξ is of type Cr respectively γr = µr if Ξ is of type BCr. In
particular, γr is distinguished from all other positive simple roots as the unique
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simple positive root in ∆ which is the restriction of a noncompact positive root.
The positive Weyl chamber in a associated to ∆ is given by
a+ = {X ∈ a | γi(X) ≥ 0, ∀γi ∈ ∆} =
{
r∑
i=1
λiXi |λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0
}
,
since γj(
∑r
i=1 λiXi) = λj − λj+1 for j = 1, . . . , r − 1 and γr(
∑r
i=1 λiXi) = λr.
3.2. Polydiscs. Since the roots ξj are strongly orthogonal the associ-
ated subalgebras g[ξj ] and its real forms g(ξj) = g[ξj] ∩ g are orthogonal. A
maximal set of strongly orthogonal roots gives rise to a subspace P ⊂ X,
P = exp(⊕rj=1g(ξj))x0 which is isomorphic to a product of r-discs.
Definition 3.2. A holomorphically embedded Hermitian symmetric subspace
P ⊂ X isomorphic to Dr is called a maximal polydisc in X, where r = rankX .
Maximal polydiscs in X are Is(X)◦-conjugate. They are complexifications
of maximal flats in X
Definition 3.3. A Hermitian symmetric subspace C ⊂ P ⊂ X which is iso-
morphic to a diagonally embedded disc D → Dr is called a tight holomorphic
disc in X.
3.3. The Harish-Chandra realization. The images of
a± :=

r∑
j=1
tanh(λj)E±j |E±j = E±ξj , λj ∈ R
 ⊂ p±
under the maps ξ± : p± →M± are
(3.1) ξ±(a±) = Ax±0 ⊂ Gx±0 ⊂M±,
with A = exp(a). Since G = KAK, X = KAx±0 ⊂ M± and [k, p±] ⊂ p± it
follows from the KC-equivariance of ξ± that
X = ξ±
Ad(k)
r∑
j=1
tanh(λj)E±j | k ∈ K, λj ∈ R

 .
In particular, X is contained in the image of ξ±, and its preimages
D± = Φ±(X) =
{
Ad(k)
r∑
i=1
tanh(λj)E±j | k ∈ K, λj ∈ R
}
⊂ p±
are bounded symmetric domains, called the Harish-Chandra realizations of X.
The Harish-Chandra realization induces an isomorphism Is(X)◦ ∼= Aut(D±)◦,
which links the Riemannian structure of X with the complex structure of D±.
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3.4. Structures of a bounded symmetric domain. As bounded do-
main in CN , D is equipped with a Bergmann kernel function k : D × D → C
defined by the properties
(1) for all w ∈ D: kw(z) := k(z, w) ∈ H2(D)
(2) k(z, w) = k(w, z)
(3)
∫
D k(z, w)f(w)dµ(w) = f(z) for all f ∈ H2(D).
where H2(D) denotes the space of holomorphic square integrable functions on
D. On a bounded domain one has k(z, z) > 0 and hence log k(z, z) is well
defined. Its Hessian hij =
∂2
∂zi∂zj
log k(z, z) defines a Hermitian metric called
Bergmann metric. The associated Ka¨hler form is given by
ωD =
1
2
ddC log k(z, z).
The positive definite real part of the Bergmann metric, defines a Riemannian
metric q on D. On a bounded symmetric domain, q is related to the Killing
form via q0 =
1
2B on p
∼= T0D.
Lemma 3.4. The Bergmann kernel k : D × D → C on a bounded symmetric
domain D ⊂ p+ satisfies k(z, w) = kC(z, σ(w)) for all z, w ∈ D.
Proof. The Bergmann kernel k on a bounded symmetric domain arises as
det(Ad |p+K) from the automorphy kernel K : U ′ ⊂ p+ × p+ → KC defined
by K(z, w) = (exp(−σ(w)) exp(z))0+ . Hence K(z, w) = KC(Z, σ(w)) for all
(z, w) ∈ U ′. It follows from G ⊂ P+KCP− that D × D ⊂ U ′, thus K(z, w) =
KC(Z, σ(w)). 
The Bergmann kernel on a bounded symmetric domain is related to the
polarization of the K-invariant polynomial h on p+ which is determined by
h(
∑r
i=1 λiEi) = Π
r
i=1(1 − λi). If we normalize the Bergmann kernel on D in
such a way that the minimal holomorphic curvature of its associated metric is
−1, it satisfies k(z, w) = h(z, w)−2.
Definition 3.5. The Shilov boundary Sˇ of a bounded domain D ⊂ CN is the
unique minimal subset of D with the property that all functions f , continuous
on D and holomorphic on D, satisfy |f(x)| ≤ maxy∈Sˇ |f(y)| for all x ∈ D.
3.5. The topological boundary and its components. The compactifi-
cation of D by taking its closure in CN is called the topological compactification.
Its structure is discussed in [91, 90, 82].
The Harish-Chandra realization
D = Ad(K)Φ(exp a+x0) = Ad(K)

r∑
j=1
bjEj | 1 > b1 ≥ · · · ≥ br ≥ 0
 ⊂ CN
can be compactified by taking the topological closure D = D∪∂D in CN , where
∂D = Ad(K)

r∑
j=1
bjEj | 1 ≥ b1 ≥ · · · ≥ br ≥ 0
 ,
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with at least one bi = 1. The boundary decomposes into r = rX G-orbits,
∂D = ∐ri=1Goi, where oi =
∑i
j=1Ej . The G-orbits are given by
Goi = Ad(K)

r∑
j=1
bjEj | 1 = b1 = · · · = bi > bi+1 ≥ br ≥ 0

= Ad(K)
 i∑
j=1
Ej +

r∑
j=i+1
bjEj | 1 > bi+1 ≥ br ≥ 0


= Ad(K)(oi +Di)
where Di is a bounded symmetric domain of rank (r − i).
From the above description it is clear, that Goi = ∐j≥iGoj , and there is a
unique closed G-orbit in ∂D, which is Gor.
Proposition 3.6. The unique closed G-orbit in ∂D is the Shilov boundary Sˇ
of D.
The spaces Ad(k)(oi + Di), with k ∈ K fixed, are called boundary compo-
nents of D. Since Dr is reduced to a point, the Shilov boundary Sˇ = Ad(K)or
is a K-orbit, consisting of point boundary components.
We want to understand the relation between the geometric boundary of the
Hermitian symmetric space and its topological boundary. In every boundary
component there exists a unique point which can be joined to 0 ∈ D by a
geodesic. By the transitivity of G on D this implies that given any x ∈ D there
exists a unique point in each boundary component which can be joined to x by
a geodesic.
Lemma 3.7. ([90]) The set of points Ad(K)oi, i = 1, . . . , r is the set of end
points of geodesics through 0 ∈ D.
Proof. Assume that γ is geodesic ray starting in 0 ∈ D. By the K-
equivariance of the Harish-Chandra map we may assume that the tangent vector
of the geodesic is given by γ(t) = Φ(exp(tH)x0), where H ∈ a+. Let i ∈ N
be the number such that γk(H) = 0 for all k ≥ i and γi(H) > 0. Then
the image of this geodesic under the Harish-Chandra map (see 3.1) is γ(t) =∑
tanh(λkt)Ek, where λk = 0 for all k > i and λk > 0 for all k ≤ i. Hence
limt→∞ γ(t) =
∑i
k=1Ek = oi. 
Corollary 3.8. Every point x ∈ Sˇ can be joined to 0 ∈ D by a geodesic. The
Shilov boundary is the unique G-orbit in ∂D with this property.
Lemma 3.9. The images of geodesic rays of type Θr in X representing the same
point ξ ∈ X(∞) converge in D to the same point in the Shilov boundary.
Proof. We want to show that the images under Φ of two geodesics γ(t), η(t)
converging to the same point ξ ∈ XΘr(∞) converge to the same point in Sˇ.
This is true for γ(0) = η(0) = x0 by the calculations made in Lemma 3.7.
Since the Harish-Chandra map is K-equivariant, we may assume without loss
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of generality that γ(t) = exp(t
∑
λiXi)x0 and η(t) = exp(t
∑
µiXi)x, where
λi > 0, µi > 0 and x = ax0 with a = exp(
∑
aiXi), ai ∈ R. The image
of the geodesic η(t) = exp(
∑
(tµi + ai)Xi)x0 under Φ is given by Φ(η)(t) =∑
tanh(tµi + ai)Ei. Since all µi > 0 and the ai are bounded limt→∞Φ(η)(t) =∑r
i=1Ei = limt→∞Φ(γ)(t). 
The definition of the topological compactification via the Harish-Chandra
embedding requires X to be Hermitian symmetric. Nevertheless, the result-
ing compactification is isomorphic to a specific Furstenberg compactification
defined for every symmetric space of noncompact type.
Proposition 3.10. ([73, 74]) The topological compactification of D ⊂ CN is
isomorphic to the θr-Furstenberg compactification of X in M(G/Pθr ).
4. Two classes: tube type and not
While all Hermitian symmetric spaces have a realization as a bounded sym-
metric domain D in CN , generalizing the Poincare´ disc model of the complex
hyperbolic line given by the Harish-Chandra realization of X as D ⊂ CN , the
upper half plane model H1 = R + iR of the complex hyperbolic line can only
be generalized for a specific class of Hermitian symmetric spaces. This class is
called “tube type”.
Definition 4.1. A Hermitian symmetric space X is said to be of tube type if
it is biholomorphically equivalent to a tube type domain
TΩ := {v + iw| v ∈ V,w ∈ Ω ⊂ V } ,
where V is a real vector space and Ω is an open cone in V .
Recall that Xj are real vectors in p associated to the strongly orthogonal
roots ξj. Define the Cayley element to be
c := exp(
π
4
i
r∑
j=1
Xj) ∈ GC.
TIfX is of tube type, then the image of D+ under c is a tube type domain TΩ
in p+, and thus a generalized upper half space model of D. Irreducible classical
domains of tube type are those associated to Sp(2n,R), i.e. the Siegel upper
half spaces Hn, furthermore those associated to the groups SO∗(2n) (n even),
SU(n, n), SO(2, n). The exceptional bounded symmetric domain of rank 3 is of
tube type. The classical domains associated to SO∗(2n) (n odd), SU(n,m) (n 6=
m), and the exceptional domain of rank 2 are not of tube type.
4.1. The Cayley transform. The conjugation of G < GC by Cayley
element c = exp(π4 i
∑r
j=1Xj) ∈ GC defines a group Gc = cGc−1 ⊂ GC, which
is isomorphic to G.
The orbit of the point c(x±0 ) ⊂ M± under Gc is contained in the image of
ξ± : p± → U±. Thus its preimage TΩ ⊂ p± is well defined and contained in p±.
Since Gcc(x±0 ) = cGc
−1c(x±0 ) = cG(x0) ⊂ M± is isomorphic to X =
G(x0) ∈M±, their preimages under ξ± are isomorphic, hence TΩ = c(D) ∼= D.
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4.2. Other characterizations. The difference of being of tube type or
not is reflected in several geometric properties, for example in the structure of
the restricted root system.
Recall that h− is the real span of Hj = Hξj . If we denote the restriction
of a root α ∈ Ψ(gC, hC) to h− again by α, the system Ξ(g, h−) of R-roots of g
relative to h− is given by
(1) tube type: Ξ of type Cr = {±ξi ± ξj (i 6= j), ±2ξi}, where the roots
±ξi± ξj have multiplicity a, and the roots ±2ξi have multiplicity one.
(2) non-tube type: Ξ of type BCr = {±ξi ± ξj (i 6= j) ,±2ξi, ±ξi}, where
the roots ±ξi± ξj have multiplicity a, the roots ±2ξi have multiplicity
one, and the roots ±ξi have multiplicity 2b.
Note that here ξj are the restrictions of the strongly orthogonal roots.
Remark 4.2. From the classification it follows that the data (r, a, b) completely
determine the associated Hermitian symmetric space. There seems to be no
direct proof known.
We recall some of the equivalent characterizations of tube type symmetric
spaces given in [61] and [25]. A new characterization in terms of triples of
points on the Shilov boundary will be given in Proposition 4.4 in Chapter 4.
Proposition 4.3. Let X be an irreducible Hermitian symmetric space. The
following are equivalent:
1) X is of tube type.
2) The homogeneous space Sˇ is a symmetric space.
3) dimR Sˇ = dimCX.
4) π1(Sˇ) is infinite, in which case π1(Sˇ) ∼= Zmod torsion.
5) The system of R-roots is of type Cr (see above).
6) The generator Zg of the center of k is contained in a three dimensional simple
Lie subalgebra of g.
7) The Cayley transform Ad(c) is of order 4.
8) Aut(D) is disconnected.
4.3. Jordan algebras, pairs and triple systems. Hermitian symmet-
ric domains in their Harish Chandra realization or their Cayley transformation
can be decribed in terms of Jordan pairs and Jordan triple systems. Detailed
descriptions of this approach can be found in [64, 66, 65] and [4]. For Hermit-
ian symmetric spaces of tube type, these structures simplify to the structures
of Euclidean Jordan algebras (see [32] for a treatment of Jordan algebras asso-
ciated to symmetric bounded domains). We will make use of the structure of
a Euclidean Jordan algebra to parametrize the Shilov boundary of a Hermit-
ian symmetric space and to define a metric on the tangent space of the Shilov
boundary.
5. Examples
We are going to illustrate the above structures by looking at the examples
of classical Hermitian symmetric spaces. Our guiding example is the space
of complex Grassmannians. We describe this example in detail. The other
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examples will be described much shorter. A calculation of the Bergmann kernels
of all classical domains is given in Hua’s book [54]. For the concrete realization
of the Bergmann kernel of the exceptional domains see [27].
Notation. A p×q matrix consisting of a p×p matrix and (q−p) zero columns
or of a q × q matrix and (p − q) zero lines, will be denoted by (A, 0).
5.1. Complex Grassmannian. Let V be a n = p + q–dimensional C–
vector space, endowed with a Hermitian form h of signature (p, q). Assume
without loss of generality that p ≤ q. Denote by (e1, . . . , ep, ep+1, . . . , en) a
basis of V , then we may suppose that h is defined as
h(z, w) =
p∑
i=1
ziwi −
q∑
i=1
zp+iwp+i.
Let W+ be the span of (e1, . . . , ep) and W− the span of (ep+1, . . . , en) in V .
Then h|W+ is positive definite, and the restriction of h to W− = (W+)⊥h is
negative definite.
We define
Xp,q := {W p ⊂ V |h|W p > 0} .
We denote by sW the reflection with respect to W
p ⊂ V on V , then sW
induces a map
sW : Xp,q → Xp,q
with sW ◦ sW = Id and Fix(sW ) = W ∈ Xp,q, giving Xp,q the structure of a
symmetric space.
To realize Xp,q as homogeneous space Gp,q/K, choose x0 = W+ ∈ Xp,q as
base point. Let Gp,q = Aut(V, h), i.e.
Gp,q = SU(p, q) := {g ∈ SL(n,C) | g∗Jg = J} ,
where g∗ = gt and J =
(
Idp 0
0 −Idq
)
.
Since SL(n,C) acts transitively on the p-dimensional subspaces of V , the
group Gp,q acts transitively on the p-dimensional subspaces of V on which the
restriction of h is positive definite.
Writing an element g as block matrix g =
(
A B
C D
)
with A ∈ Mat(p, p,C),
B ∈ Mat(p, q,C), C ∈ Mat(q, p,C), D ∈ Mat(q, q,C) we obtain the following
conditions:
A∗A− C∗C = Idp
B∗B −D∗D = −Idq
B∗A−D∗C = 0
det(g) = 1.
The Lie algebra gp,q of Gp,q is given by
gp,q = su(p, q) := {l ∈ sl(n,C) |Jl = −l∗J} ,
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implying the following conditions on l =
(
A B
C D
)
:
A∗ = −A,D∗ = −D,B∗ = C, tr(g) = 1.
An element g =
(
A B
C D
)
∈ Gp,q preserves W+ iff C = 0, hence with the above
conditions B = 0, A∗A = Idp,D∗D = Idq, i.e.
StabGp,q(W
+) = K(p, q) = S(U(p)×U(q))
and Xp,q = SU(p, q)/S(U(p) ×U(q)).
The Lie algebra gp,q decomposes as g = k⊕ p with
k =
{
l ∈ su(p, q) | l =
(
A 0
0 D
)}
,
p =
{
l ∈ su(p, q) | l =
(
0 B
B∗ 0
)}
.
The subalgebra a ⊂ p, defined by B = (Diag(λ1, . . . , λp), 0) is a maximal
abelian subalgebra of g. Thus F = exp(a)x0 = Ax0 is a maximal flat in Xp,q
and rkX = p.
The flats are the p-dimensional subspaces W ⊂ V , which are spanned by a
basis ei + λitep+i with (λit)
2 < 1, i = 1, . . . p.
Furthermore
kC =
{
l ∈ sl(n,C) | l =
(
A 0
0 D
)}
,
p+ =
{
l ∈ sl(n,C) | l =
(
0 B
0 0
)}
,
p− =
{
l ∈ sl(n,C) | l =
(
0 0
C 0
)}
.
The Borel embeddings are just the embedding of Xp,q into the compact
Grassmann manifold of p-dimensional respectively q-dimensional subspaces in
V
Xp,q = {W p ⊂ V |h|W p > 0} ⊂ {W p ⊂ V } = Xcp,q
Xp,q = {W q ⊂ V |h|W q < 0} ⊂ {W q ⊂ V } = Xcp,q.
We describe the Harish-Chandra embedding Φ : Xp,q → p− ∼= Mat(q, p,C),
in geometrical terms.
The base point W+ induces a direct decomposition of V = W+ ⊕ W−.
Given any other point W ∈ Xp,q, we may decompose a vector w ∈ W into its
parts with respect to the decomposition V =W+ ⊕W−,
w = pr|W+(w) + pr|W−(w) = v + pr|W− ◦ pr−1|W+(v),
with v = pr|W+(w). Thus we can write W as graph of the linear map
TW = pr|W− ◦ pr−1|W+ : W+ →W−.
With respect to our specific choice of basis we identify the space of linear
maps L(W+,W−) ∼= Mat(q, p,C). The condition that h|W > 0 translates to
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Idp − T ∗W ◦ TW > 0, thus the Harish-Chandra embedding Φ : Xp,q → p− ∼=
Mat(q, p,C), W 7→ TW realizes Xp,q as
Dp,q = {Z ∈ Mat(q, p,C) | Idp − Z∗Z > 0} .
The action of Gp,q on Dp,q becomes
g(Z) =
(
A B
C D
)
(Z) = (AZ +B)(CZ +D)−1.
The topological compactification of Dp,q is given by
Dp,q = {Z ∈ Mat(q, p,C) | Idp − Z∗Z ≥ 0}
and the different boundary components are given by
Goi = {Z ∈ Mat(q, p,C) | Idp − Z∗Z ≥ 0, rank(Idp − Z∗Z) = r − i} .
In particular, the Shilov boundary is
Sˇp,q = {Z ∈ Mat(q, p,C) | Idp = Z∗Z} .
If p = q, then Sˇp,p = U(p).
In the special case of X = H2,
G1,1 = SU(1, 1) =
{(
a b
b a
)
| a, b ∈ C and |a|2 − |b|2 = 1
}
,
we describe the Harish-Chandra embedding by decomposing an element g ∈ G
with respect to the product P+ ×KCP−:
g =
(
a b
b a
)
=
(
1 ba−1
0 1
)(
a−1 0
0 a
)(
1 0
a−1b 1
)
,
Then Φ : X = G/K → p+ is given by Φ(gx0) = ba−1e+ = ze+, with |z| < 1.
Hence, identifying p+ with C, we get an K-equivariant biholomorphic map
Φ : X → D. The map Φ sends the base point x0 to 0 ∈ C and the geodesic
γ = exp(tλx)x0 in X to a geodesic γ
′ = tanh(tλ)e+ in D. The corresponding
embedding into p− gives the same embedding as the geometric construction
before.
Using the Cartan decomposition of SU(p, q) = G = KA+K and letting
Xi =
(
0 E∗i
Ei 0
)
with Ei ∈ Mat(q, p,C) given by (Ei)i,i = 1 and all other
entries zero be a basis of a corresponding to a set of strongly orthogonal roots.
We see that a geodesic γ = exp(t
∑p
i=1 λiXi)x0 in Xp,q is mapped under the
Harish-Chandra embedding to the geodesic γ′ =
∑p
i=1 tanh(tλi)Ei in Dp,q. One
can see directly that the images of all geodesics with λi > 0 for all i converge
to the point Z = (Idp, 0) ∈ Sˇp,q.
We compute the Bergmann kernel for D1,1. Let (z, w) ∈ D1,1 × D1,1. The
automorphy kernel K(z, w) is the KC-part of exp(−we+) exp(ze−) in the de-
composition P−KCP+. Now
exp(−we+) exp(ze−) =
(
1 −w
0 1
)(
1 0
z 1
)
=
(
1− wz −w
z 1
)
=(
1 0
z
1−wz 1
)(
1− wz 0
0 11−wz
)(
1 −w1−wz
0 1
)
.
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Hence
K(z, w) =
(
1−wz 0
0 11−wz
)
.
Since
K(z, w)
(
1 0
a 1
)
K(z, w)−1 =
(
1 0
a
(1−wz)2 1
)
,
we get
k(z, w) = det(Ad |p−K(z, w)) = (1− wz)−2.
From this formula for the automorphy kernel (using once again the strong
orthogonality of the roots), we obtain a formula for the automorphy kernel of
Dp,q for points lying in
a− =

r∑
j=1
tanh(λj)Ej λj ∈ R
 ⊂ p−.
Namely if Z =
∑r
j=1 tanh(λj)Ej and W =
∑r
j=1 tanh(µj)Ej , then K(Z,W ) =
Idp −W ∗Z , furthermore Ad |p−K(Z,W ) = (Idp −W ∗Z)−2dim p− and the nor-
malized Bergmann kernel satisfies
k(Z,W ) = (det(Idp −W ∗Z))−2 = Πpi=1(1− tanh(µi) tanh(λi))−2.
Since the maximal flats are K-conjugate, we may after suitable conjugation
with some g ∈ K assume that any two points Z,W ∈ Dp,q lie in a−, thus we
have determined the Bergmann kernel on Dp,q.
We finish with some remarks about the upper half space model in the tube
type case, i.e. for Dp,p. The Cayley element c = exp(π4 i
∑r
j=1Xj) is given by
c =
1√
2
(
Idp (i(Idp), 0)
(i(Idp), 0) Idq
)
.
Hence, the image of Z ∈ Dp,p is 1√2 (Z + iId)(iZ + Id)−1. In particular,
c : Dp,p → TΩ = Herm(p,C) + iHerm+(p,C),
where Herm+(p,C) denotes the Hermitian (p × p) matrizes, whose associated
quadratic form is positive definite. Furthermore Z ∈ Sˇp,p with (iZ+Id) invert-
ible is mapped to a Hermitian p× p matrix.
5.2. Moduli space of complex structures. (A detailed description can
be found in Satake’s book [82, Chapter II,7].) Let V be a real vector space with
a nondegenerate skew-symmetric bilinearform h. Then V is even dimensional
and with respect to a symplectic basis (e1, . . . , e2n), the form h is given by
h =
(
0 Idn
−Idn 0
)
.
The symplectic group Sp(2n,R) is defined by
Sp(2n,R) = Aut(V, h) ⊂ SL(2n,R).
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Denote by J (V ) the set of all complex structures on V . The symmetric space
associated to Sp(2n,R) can be defined as the set
X = {I ∈ J (V ) |h(·, I·) is symmetric and positive definite} .
A basepoint is, with respect to the chosen basis of V , given by
I0 =
(
0 −Idn
Idn 0
)
.
Let VC be the complexification of V . Extend h to a C-bilinear form on VC. For
I ∈ X define V±(I) to be the (±i)-eigenspaces of the action of I on VC. Then
VC = V+ ⊕ V−, and V+ = V−. Furthermore V± are isotropic subspaces for the
extension of h. The restriction of ih to V+ × V− is nondegenerate and gives an
identification V− ∼= V ∗+ of V− with the dual space of V+. Define a Hermitian
form Ah on VC by
Ah(v,w) = ih(v,w).
The restriction of Ah to V+ is positive definite, the restriction to V− is negative
definite and the restriction to V+ × V− is zero. Thus the Hermitian form Ah is
a nondegenerate Hermitian form on VC of signature (n, n).
Every complex structure I ∈ X defines a subspace V± ⊂ VC, this map
identifies X with the subset X±2n of the complex Grassmannian of n-dimensional
subspaces in a complex (2n)-dimensional vector space:
X±2n :=
{
V± ⊂ VC |h|V± = 0, Ah|V±×V∓ > 0
}
.
This also gives an embedding
X2n ⊂ Xn,n,
where Xn,n is the symmetric space associated to SU(n, n) described above.
This embedding is holomorphic, sending the central element in the Lie algebra
of the maximal compact subgroup defining the complex structure on X2n to
the central element defining the complex structure on Xn,n.
We describe the matrix representation of the Lie algebra g = sp(2n,R) with
respect to this embedding. This is a representation with respect to a complex
basis of VC, not with respect to a real basis.
g =
(
X1 X2
X2 X1
)
= k+ p,
k =
(
X1 0
0 X1
)
, p =
(
0 X2
X2 0
)
,
where Xi ∈Matn×n(C), X∗1 = −X1, XT2 = X2. The element Z0 generating the
center of k is given by
Z0 =
i
2
(
Idn 0
0 −Idn
)
.
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The standard maximal abelian Lie subalgebra a ⊂ p and the maximal polydisc
r are:
a =
{(
0 A
A 0
)
|A = diag(a1, . . . , an), ai ∈ R
}
,
r =
{(
0 Z
Z 0
)
|Z = diag(z1, . . . , zn), zi ∈ C
}
.
Further
p+ =
(
0 Z
0 0
)
p− =
(
0 0
Z 0
)
,
with Z ∈ Sym(n,C).
Similar to the case of Xn,n we obtain a bounded domain model and an
upper halfspace model:
D2n = {Z ∈ Sym(n,C) | Idp − Z∗Z > 0} ⊂ Dn,n
TΩ = Sym(n,R)⊕ iSym(n,R)+,
where Sym(n,R)+ are the positive definite symmetric matrices. In particular
TΩ is the set of all complex valued symmetric (n × n)-matrices with positive
definite imaginary part.
The descriptions of the Bergmann kernel are similar to the case of Xn,n,
indeed the structures induced from the embedding X2n → Xn,n give the corre-
sponding structures on X2n.
5.3. Quaternion Grassmanians. Let V be a n-dimensional (left)-vector
space over the quaternions H, endowed with nondegenerate sesquilinear anti-
Hermitian form h. Denote by σ the conjugation in H fixing R.
h(ax, by) = ah(x, y)σ(b)
h(x, y) = σ(h(y, x)).
The group G = SO∗(2n) is defined as G = SO∗(2n) = AutH(V, h).
Identifying H = C⊕ jC, there is a uniquely determined Hermitian form Ah
of signature (n, n) on V C = V viewed as complex vector space, such that
h(x, y) = i(Ah(x, y)− jAh(xj, y))
Ah(xj, yj) = −Ah(x, y).
In particular, S(x, y) := −Ah(xj, y) is a symmetric bilinear form on V C and
G = SO∗(2n) can be defined as G = SO∗(2n) = AutC(V C, Ah, S). The maximal
compact subgroup of G is K = U(n).
This realization of G induces an embedding
X∗2n =
{
V n− ⊂ V C |S|V− = 0, Ah|V− ≤ 0
}
⊂ Xn,n.
This embedding is holomorphic and induces a corresponding embedding
D∗2n =
{
Z ∈ Mat(n, n,C) |ZT = −Z, Idn − ZZ > 0
} ⊂ Dn,n
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Nevertheless the space D∗2n is not always of tube type, it is of tube type if and
only if n is even. The rank of X∗2n is [n/2]. Inducing the structures of Dn,n on
D∗2n is thus a bit more complicated. The restriction of the Bergmann kernel
on Dn,n to D∗2n gives twice the intrinsically defined Bergmann kernel.
We describe the Shilov boundary of D∗2n. The Shilov boundary Sˇ∗2n is
given as the K-orbit of the matrix Z =
(
J2rX 0
0 z
)
, where |z|2 < 1 and J2rX
is the matrix with rX blocks of the form j =
(
0 1
−1 0
)
on the diagonal and
zero entries elsewhere. If n is even then Z = Jn and the Shilov boundary Sˇ∗2n
embeds into Sˇn,n. If n is odd, the Shilov boundary Sˇ∗2n is not contained in Sˇn,n
5.4. The Quadric. Let V be a (2+n)-dimensional vector space endowed
with a symmetric bilinear form h of signature (2, n). Let G = SO(2, n) =
SO(V, h). Denote by VC the complexification of V and extend the bilinear form
h to VC. The Hermitian form Ah(x, y) := 2h(x, y) on VC is of signature (2, n).
Take a decomposition of VC = V
C
+ ⊕V C− , with ±Ah|V C± > 0. Then V
R
+ := V
C
+ ∩V
is a 2-dimensional real subspace of V admitting two complex structures ±I
leaving h|V R+ invariant. Put W+ :=
{
x ∈ V C+ | Ix = ix
}
then V C+ = W+ ⊕W+
and h|W+ = 0, Ah|W+ > 0.
The space
X2+n :=
{
W+ ⊂ V C | dimC(W+) = 1, h|W+ = 0, Ah|W+ > 0
}
is a complex manifold with two components. One component is the symmetric
space associated to G = SO(2, n). We describe the Lie algebra:
g =
(
X11 X2
XT2 X12
)
= k+ p,
k =
(
X11 0
0 X12
)
, p =
(
0 X2
XT2 0
)
,
where X12 ∈ Matn×n(R), X11 ∈ Mat2×2(R), X2 ∈ Mat2×n(R). The element Z0
generating the center of k is given by Z0 =
(
J 0
0 0
)
, where J =
(
0 −1
1 0
)
.
The bounded symmetric domain model of X2+n is
D2+n =
{
z ∈ Cn | 1 + |zT z|2 − 2z∗z > 0 and 1− z∗z > 0} ,
its Shilov boundary is
Sˇ2+n =
{
z ∈ Cn | z∗z = 1, eiθz ∈ Rn for some θ ∈ R/2πZ
}
.

CHAPTER 4
The Shilov boundary
A symmetric space of noncompact type can be compactified in different
ways [49, 6]. The different compactifications are in general nonisomorphic. In
some cases the identity map extends to a continuous surjective G-equivariant
map on the boundaries (or parts of the boundaries) of different compactifica-
tions. The Harish-Chandra realization of the Hermitian symmetric space X as
a bounded symmetric domain D provides a natural compactification by taking
the topological closure in CN . The Shilov boundary is not the whole boundary
of this topological compactification, but only a specific part of it, namely the
unique closed G-orbit in the topological boundary. But nevertheless the Shilov
boundary captures a lot of the geometry of the Hermitian symmetric space and
reveals aspects of negative curvature in X.
1. A homeomorphism of boundaries
A Hermitian symmetric space can be viewed as an abstract symmetric space
X = G/K or via its Harish-Chandra realization as bounded symmetric domain
D ⊂ CN . Since we will work with X as homogeneous space as well as with
X realized as bounded symmetric domain D, an understanding of the relation
between the geometric boundary and the topological boundary is important.
Even though there is no globally defined equivariant map X(∞) → ∂D,
there is the following relation between the geometric and topological boundaries.
It follows from the proof of Lemma 3.7 in Chapter 3 that any geodesic with
γ(0) = x0 converging to a point γ(∞) ∈ XΘi(∞) converges to a point in
Ad(K)(oi) and conversely. But two geodesics γ and η which converge to the
same point ξ ∈ XΘi do in general not converge to the same point in ∂D under
the Harish-Chandra map if γ and η do not meet. Even though this shows that
there is no globally defined equivariant map X(∞)→ ∂D, there is the following
relation between the geometric and topological boundaries. The strataXΘr(∞),
especially Xθr(∞), and the Shilov boundary are closely related.
Proposition 1.1. The Harish-Chandra map Φ : X → D extends to a G-
equivariant surjective map XΘr(∞) → Sˇ. In particular, Φ extends to a G-
equivariant homeomorphism
Φ : Xθr(∞)→ Sˇ.
Proof. We know from Lemma 3.9 in Chapter 3, that the images under Φ
of two geodesics γ(t), η(t) representing the same point ξ ∈ XΘr(∞) converge
to the same point Φ(ξ) ∈ Sˇ. Since Sˇ is the K orbit of a point and the Harish
Chandra map is K-equivariant, this shows that Φ extends to a G-equivariant
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surjective map XΘr(∞)→ Sˇ. The set Xθr(∞) is the K orbit of a unique point
ξ which is mapped to or =
∑r
i=1Ei under the above map. The map Φ thus
extends to aK- and hence G-equivariant homeomorphism Φ : Xθr(∞)→ Sˇ. 
2. The Shilov boundary as homogeneous space
The embedding X → M± of X into its compact dual provides another
compactification of X. We want to describe the closed orbit Sˇ in ∂D± in the
boundary of X in M± as a homogeneous space.
Recall that Xj are real vectors in p associated to the strongly orthogonal
roots ξj. Define the Cayley element
c = exp(
π
4
i
r∑
j=1
Xj) ∈ GC.
Proposition 2.1. The closed boundary orbit Sˇ can be realized in M± as
homogeneous space G/Q, where Q = G ∩ cKCP−c−1 = G ∩ c−1KCP+c is
a real parabolic subgroup of G. Moreover G/Q = (GC/Q)(R) with Q =
c−1KCP+c ∩ cKCP−c−1.
Proof. Let x±0 ∈ M± be the basepoint. The closed boundary orbit Sˇ
is the G-orbit of ±io±r . Direct computations show that ξ±(±io±r ) = c±1(x0).
The stabilizer of c±1(x0) in GC is StabGC(c
±1(x0)) = c∓1KCP∓c±1. Thus the
realization of Sˇ inM± is G/(c∓1KCP∓c±1∩G). Since theXj are real vectors, we
have that σ(c) = c−1. Hence σ(cKCP−c−1) = c−1KCP+c, thus G∩cKCP−c−1 =
G ∩ c−1KCP+c = Q. Since Q stabilizes a point in Sˇ it is a parabolic subgroup
of type θr.
The group Q = c−1KCP+c∩ cKCP−c−1 is stable under σ, thus it is defined
over R and Q(R) = Q. 
3. The Bruhat decomposition
As we have seen in the above section, the Shilov boundary Sˇ of D can be
realized as
Sˇ = G/Q = G(R)/Q(R) = (G/Q)(R),
where Q = Pθr denotes the maximal parabolic subgroup of G associated with
θ = ∆−{γr} ⊂ ∆. By the general theory of cosets of G by parabolic subgroups
[5], the Shilov boundary admits a generalized Bruhat decomposition.
DefineWθ to be the subgroup of the Weyl groupW of g relative to a, which
is generated by reflections si corresponding to γi ∈ θ. In each left coset wWθ
(w ∈W ) there exists a unique representative wθ of smallest length. Let W θ be
the set of these representatives. We define
C(wθ)Q := PwθQ.
Then
G/Q =
⋃
wθ∈W θ
C(wθ).
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If wmax denotes the longest element in W then
C(wθmax)Q = Pw
θ
maxQ = Qw
θ
maxQ
is a Zariski-open Q-orbit in G/Q.
On the level of R-points this gives the decomposition
G/Q =
⋃
wθ∈W θ
C(wθ)(R)
with C(wθ)(R)Q(R) = PwθQ.
Moreover
C(wθmax)(R) = Pw
θ
max = Qw
θ
max
is open and dense. All sets C(wθ)(R) are topological cells.
Lemma 3.1. Define elements tk = sk · · · sr ∈W . The set of representatives W θ
is given by the elements (t1), (t2t1), . . . , (tr · · · t1) ∈W
Proof. The element tk is reduced and, since sr /∈Wθ, it is a representative
of the coset tkWθ. The action of the element tk on the root system can be
calculated using the Cartan martix of Cr, respectively BCr (for the form of the
Cartan matrix see e.g. [8]): tk(ξi) = ξi for i < k, tk(ξi) = ξi+1 for k ≤ i ≤ r− 1
and tk(ξr) = −ξk. This implies that W θ = {(t1), . . . , (tr · · · t1)} is a full set of
representatives of smallest length. 
Denote by a the multiplicity of roots ±ξi ± ξj (i 6= j) in Ξ, and by b the
multiplicity of roots ±ξi in Ξ.
Proposition 3.2. The cell C(wθmax)(R) = C(tr · · · t1)(R) is the unique open
and dense orbit of Q in Sˇ = G/Q. It is of dimension (2b + 1)r + r(r−1)2 a. The
codimension of C(tr−k · · · t1)(R) in G/Q is (2b+ 1)k + k(k−1)2 a.
Proof. The first statement follows from the general theory since tr · · · t1 is
a representative of the coset wmaxWθ. We have to prove the statement about
the dimension of the cells C(tr−k · · · t1)(R).
Define Ξ(θ) to be the set of all nondivisible positive roots in Ξ, which do
not lie in the span of θ. To every representative wθ ∈W θ we associate
Ξwθ = w
θ(Ξ(θ)) ∩ Ξ−.
Let gwθ be the sum of all root spaces g
α+g2α, where −α ∈ Ξwθ (the root space
g2α is zero, if 2α is not a root), and denote by Uwθ the corresponding unipotent
Lie group. The cell corresponding to wθ is then parametrized by Uwθ , i.e
C(wθ)(R) = Uwθw
θ, dimC(wθ)(R) = dimUwθw
θ.
The longest element wθmax = (tr · · · t1) sends every positive root into a
negative root. Hence
Ξwθmax = Ξ(tr ···t1) = Ξ(θ)
− = {−(ξi + ξj) (j > i) ,−ξi}
in the case that Ξ is of type BCr or
Ξwθmax = Ξ(θ)
− = {−(ξi + ξj) (j > i) ,−2ξi}
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in the case that Ξ is of type Cr, with dim gξi+ξj = a, dim g2(ξi+ξj) = 0, dim gξi =
2b and dim g2ξi = 1. This gives
dimC(wθmax)(R) = (2b+ 1)r +
r(r − 1)
2
a
The above computations of the action of tk imply Ξ(tr ···t1) − Ξ(tr−k···t1) =
{−ξr, · · · − ξr−k+1,−(ξi + ξj) (j > i ≥ r − k + 1)}. As above we have to
exchange −ξi by −2ξi in the case that Ξ is of type Cr. Since we have the same
multiplicities as above, the codimension of C(tr−k · · · t1)(R) in G/Q is
dimUwθmax − dimUwtr−k···t1 = (2b+ 1)k +
k(k − 1)
2
a.

Corollary 3.3. The Hermitian symmetric space X is of tube type if and only
if the codimension of C(tr−1 · · · t1)(R) in G/Q is 1.
The Hermitian symmetric space X is not of tube type if and only if the codi-
mension of C(tr−1 · · · t1)(R) in G/Q is ≥ 3
Proof. By the above proposition codimC(tr−1 · · · t1)(R) = 2b + 1, where
b ≥ 1 iff X is not of tube type. 
Corollary 3.4. The codimension of proper subcells of C(tr−1 · · · t1)(R) is at
least 2.
Definition 3.5. The open dense cell C(wθmax)(R) is called the Bruhat cell of
Sˇ ∼= G/Q associated to z = eQ. It is denoted by B(z).
There is an equivariant version of the Bruhat decomposition describing the
G-orbits in G/Q × G/Q. The unique open and dense G-orbit in G/Q × G/Q
is called the equivariant Bruhat cell and will be denoted by B ⊂ G/Q×G/Q.
Fixing a point z ∈ G/Q, the G-orbit B is represented by z ×B(z).
The Bruhat decompositions of G/Pθ are compatible with the natural pro-
jections G/P → G/Pθ → G/Pθ′ .
4. The space of triples of pairwise transverse points
Definition 4.1. Let x, y ∈ G/Q. We say that x, y are transverse if (x, y) ∈
B ⊂ G/Q×G/Q.
We denote the set of transverse pairs in Sˇ by Sˇ(2). It follows from the
definition that transversality is given by a Zariski open and dense condition.
A Hermitian symmetric space X which is not of tube type has many max-
imal subdomains T of tube type of equal rank as X. There is a relation of
tranverse pairs in Sˇ and maximal subdomains of tube type.
Lemma 4.2. Every two transverse points (x, y) ∈ Sˇ(2) determine a unique max-
imal subdomain of tube type Txy containing x and y in its boundary
Proof. If the symmetric space X is of tube type, the claim is obviously
true, so we may assume, that X is not of tube type. Given (x, y) ∈ Sˇ × Sˇ =
G/Q ×G/Q transverse, since G acts transitive on G/Q, we may assume, that
x = eQ. By transversality y lies in the Bruhat cell B(x) of G/Q, which is
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parametrized by the unipotent Lie group Uwmax , with Lie algebra given by all
rootspaces corresponding to the roots {(µi + µj) (j > i), µi, 2µi}. The orbit
of y under the unipotent Lie group UT,wmax, whose Lie algebra is given by all
root spaces corresponding to the roots {(µi + µj) (j > i), 2µi} is a subspace of
B(x). But since the Weyl groups of BCr and Cr are the same, this subspace
is the Bruhat cell BTxy(x) of a maximal subdomain of tube type, determined
by the root system {±(µi ± µj) (j > i), ±2µi}, hence it determines a maximal
subdomain of tube type Txy containing x and y in its Shilov boundary. Assume
that there would be another maximal subdomain of tube type T containing x, y
in its Shilov boundary SˇT = GT /QT . By the same argument as above, x = eQT
and y lies in the Bruhat cell BT (x) of GT /QT parametrized by U
T
wmax. This
is contained in the Bruhat cell of G/Q and therefore coincides with UT,wmax ,
which is the big cell of Txy. Hence T = Txy. 
Remark 4.3. In the case of rank one symmetric spaces any two distinct points
on the boundary are transverse and determine a unique geodesic. In particular,
two transverse points on the boundary (which coincides with the Shilov bound-
ary for Hermitian symmetric spaces of rank one) determine a unique complex
geodesic. In the case of higher rank, there are in general many geodesics and
hence also many complex geodesics connecting two transverse points in the
Shilov boundary. Lemma 4.2 motivates that maximal subdomains of tube type
are an appropriate generalization of complex geodesics in rank 1.
The set of triples of pairwise transverse points on the Shilov boundary of a
Hermitian symmetric space X,
Sˇ(3) = (G/Q)(3) := {(x, y, z) ∈ (G/Q)3 | (x, y) ∈ B, (y, z) ∈ B, (x, z) ∈ B},
determines whether x is of tube type or not. From Corollary 3.4 we obtain a
new characterization of non tube type domains.
Theorem 4.4. The symmetric space X is not of tube type if and only if Sˇ(3) ∼=
(G/Q)(3) is connected.
Proof. We prove that if X is not of tube type, then Sˇ(3) ∼= (G/Q)(3)
is connected. The set Sˇ3 ∼= (G/Q)3 is connected. The codimension of the
complement of the equivariant Bruhat cell B is greater than 2 since X is not
of tube type. Therefore the set (G/Q)(3) is obtained from (G/Q)3 by removing
finitely many subsets of codimension ≥ 3, hence it stays connected. It is well
known that the set Sˇ(3) decomposes into rX + 1 open G-orbits if X is of tube
type ([23]). 
Lemma 4.5. Given x, y ∈ Sˇ ∼= G/Q, the following are equivalent:
(1) y ∈ B(x) ⊂ G/Q.
(2) x ∈ B(y) ⊂ G/Q.
(3) (x, y) ∈ B ⊂ G/Q×G/Q.
(4) h(x, y) 6= 0, where h is the invariant polynomial related to the Bergmann
kernel
(5) There exists a geodesic in D joining x and y.
(6) There exists preimages x′ and y′ of x, y in the geometric boundary of X and
a geodesic of type θ with θ ⊂ Θr in X joining x′ to y′.
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Proof. The equivalence of the first three assertions is clear from the above
definitions. The equivalence of (5) and (6) follows from Lemma 3.7. That
(1) implies (6) is a standard result for symmetric spaces of noncompact type
(see e.g. [31]). We may identify G/Q with the space of equivalence classes of
asymptotic Weyl chambers of type Q. Then x ∈ B(y) if and only if there exist
two opposite Weyl chambers of type Q joining x to y. For the Shilov boundary
Q is a maximal parabolic subgroup, hence Weyl chambers of type Q are geodesic
rays of type θr, which form a geodesic connecting x two y if they are opposite.
To prove the converse, (6) implies (1), assume that there is a geodesic γ of type
θ ⊂ Θr in X connecting x to y. Then γ determines two Weyl chambers of type
θ, opposite in γ(0), connecting two points xθ, yθ ∈ G/Pθ lying in the Bruhat
cell of the Bruhat decomposition of G/Pθ, which are mapped to x and y under
the natural projection G/Pθ → G/Pθr = G/Q. Since the natural projections
respect the Bruhat decompositions (3) follows. The implication from (4) to (5)
is shown in [24]: if x, y are transverse we may assume that x =
∑r
i=1Ei and
y = −∑ri=1Ei, hence the geodesic γ(t) = ∑ri=1 tanh(t)Ei connects x to y in
D. On the other hand, assume that there is a geodesic joining x to y. Since
transversality is a G-invariant notion we may assume that this geodesic passes
through 0 and that x =
∑r
i=1Ei, but then (see Lemma 3.7 in Chapter 3) we
have y = −∑ri=1Ei, hence h(x, y) = 2r 6= 0 and (5) implies (4). 
5. A complex model for the Shilov boundary
In order to work with the Zariski topology on the Shilov boundary, it is
convenient to have an explicit description of a complex model for the Shilov
boundary.
Define
GC = GC ×GC
with real structure
G = {(g, σ(g)) | g ∈ GC}.
The associated complex conjugation Σ : GC → GC is given by
Σ(g1, g2) = (σ(g2), σ(g1)).
Then GC is defined over R. The subgroupN = KCP−×KCP+ is a complex
algebraic subgroup of GC; it is invariant under Σ and hence also defined over
R. In particular GC/N ∼=M+×M− is an algebraic variety defined over R. The
homomorphism
∆ : GC → GC, g 7→ (g, g)
is defined over R and induces an algebraic action of GC on GC/N. Furthermore
∆(G) = FixΣ(∆(GC)). Since σ(c) = c
−1, the point (c, c−1)N is a real point,
(c, c−1)N ∈ (GC/N)(R).
Proposition 5.1. The GC-orbit (via ∆) of (c, c
−1)N is GC/Q. It is a complex
model of the Shilov boundary GC/Q(R) in GC/N(R).
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Proof. The stabilizer of (c, c−1)N in GC is
StabGC((c, c
−1)N) = cKCP+c−1 × c−1KCP−c,
thus the stabilizer in GC of (c, c
−1)N is cKCP+c−1 ∩ c−1KCP−c = Q. Hence
by Proposition 2.1 we get
Sˇ = GC/Q(R) ⊂ GC/N(R),
thus
Sˇ = G/(cKCP−c−1 ∩G)→ G/(cKCP−c−1 ∩G)×G/(c−1KCP+c ∩G)
G/(cKCP−c−1 ∩G)×G/(c−1KCP+c ∩G) ⊂ GC/N(R).

The Bruhat decomposition of GC/Q provides a notion of transversality in
GC/Q which is compatible with the notion of transversality defined in Defini-
tion 4.1, because the real points of the complex Bruhat cell are the real Bruhat
cell. Thus if we define (GC/Q)
(3) to be the triples of pairwise transverse points
in GC/Q, we have Sˇ
(3) = (GC/Q)
(3)(R).
6. Parametrizing the Shilov boundary of a tube type domain
6.1. The general case. A bounded symmetric domain of tube type is,
via the Cayley transform, T = c· : D → TΩ, c = exp(π4 i
∑r
j=1Xj) ∈ GC,
biholomorphically equivalent to a tube domain
TΩ := {u+ iv |u ∈ V, v ∈ Ω ⊂ V },
where Ω is a symmetric convex cone in the real vector space V . The map T
extends to the part of the Shilov boundary consisting of all points x ∈ B(or) ⊂
Sˇ, which are transverse to or ∈ Sˇ. The Bruhat cell B(or) is mapped to V ,
the complement will be send to ∞. Hence we may call (V + i0) ∪ ∞ the
Shilov boundary of TΩ. The map T respects transversality in the sense that
two points x, y ∈ Sˇ are transverse if and only if its images under T satisfy
det(T (y)− T (x)) 6= 0.
Given a point z ∈ Sˇ we may parametrize a neighbourhood of this point
in the following way. Choose a point z′ ∈ Sˇ transverse to z. Then z and a
neighbourhood of z in Sˇ are contained in the Bruhat cell B(z′). Using the
Cayley transformation, we identify B(z′) with the vector space V . This gives a
parametrization of the Bruhat cells. Choosing a cover of Sˇ by 2rX Bruhat cells,
we obtain a parametrization of Sˇ which is not unique, since it depends on the
chosen point z′.
Once we consider the tangent space of Sˇ at the point z, the parametrization
becomes independent of the chosen transverse point z′. We may identify the
tangent space of TzSˇ at a point z ∈ B(z′) with V by mapping any point
w ∈ B(z′) ∼= V to the vector w − z.
The vector space V is furthermore equipped with the structure of an Eu-
clidean Jordan algebra (see [32] and the Appendix for a treatment of Jordan
algebras associated to symmetric bounded domains). Every element x ∈ V has
a spectral decomposition with respect to a so-called Jordan frame, that is a set
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of elements (c1, . . . , cr) ∈ V with c2i = ci, cicj = 0 if i 6= j and e =
∑rX
j=1 cj
being the identity element of V (see [32, Theorem III.1.2]):
x =
rX∑
j=1
λjcj =
k+∑
j=1
λjcj +
k=k++k−∑
j=k++1
λjcj +
rX∑
j=k+1
λjcj,
where λj are uniquely determined by x with λj > 0 for 1 ≤ j ≤ k+, λj < 0 for
k++1 ≤ j ≤ k and λj = 0 for j > k. With respect to a spectral decomposition
the Jordan algebra determinant of x is det(x) = Πrj=1λj. There is a spectral
norm on V defined by
s(w) = tr(w) =
r∑
i=1
λi
for all w ∈ V . This spectral norm defines a norm on the tangent space of a
Bruhat cell in Sˇ.
6.2. The classical cases. For the classical domains associated to G =
Sp(2n,R), SU(n, n), SO∗(4n), SO(2, n) we give a concrete parametrization of
the Shilov boundary via quadratic forms and linear maps. These quadratic
forms correspond to the spectral norms in the general case. They can also be
used to define variations of the above defined Maslov index (see [77, 20] for
the usual Maslov index). All this is well known for symplectic case and related
to Clerc’s construction in [21].
6.2.1. The Grassmannians. Assume that G is one of the following G =
Sp(2n,R),SU(n, n),SO∗(4n). Let K = R,C,H and ι : K → K its natural
conjugation, let σ : K→ K be the involution σ = −ι. Let V be a 2n-dimensional
(right) K-vector space, endowed with a σ-symmetric nondegenerate bilinear
form h, i.e. h(x, y) = σ(h(y, x)). Then G = SU(V, h). Denote by XG the
associated symmetric space.
Denote by Λ(V ) the space of maximal h-isotropic subspaces of V , i.e. SˇXG =
Λ(V ). Two such subspaces W+,W− ∈ Λ(V ) are transverse if W+ ∩W− = {0}.
Any two transverse subspaces W+,W− ∈ Λ(V ) span the vector space V =
W+ ⊕W−. Denote by
B(W−) := {W ∈ Λ(v)|W ∩W− = {0}}
the space of all maximal h-isotropic subspaces W ⊂ V , which are transverse
to W−. For W+ ∈ B(W−), we denote by A(W+) the space of all σ-symmetric
nondegenerate bilinear forms on W+.
Proposition 6.1. There is a diffeomorphism a : B(W−)→ A(W+).
Proof. Given W ∈ B(W−). In the coordinates given by V = W− ⊕W+
we can write W = graphTW , where TW ∈ Lin(W+,W−) is determined by
v + TW v ∈ W for all v ∈ W+. The map T defines a bilinear form AW on W+
by setting for all v,w ∈W+
AW (v,w) := h(v, Tw).
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Using that W+,W,W− are isotropic, we obtain
AW (v,w) = h(v, Tw) = h(v + Tv,w + Tw)− h(Tv,w) = −h(Tv,w)
= −σ(h(w, Tv)) = −σ(AW (w, v)) = σ(AW (w, v)).
The map
a : B(W−)→ A(W+), W 7→ AW
is a diffeomorphism. 
Remark 6.2. This diffeomorphism corresponds to the extension of the Cayley
transform T from the previous section to the Shilov boundary.
The bilinear form AW defines a quadratic form q
+
W : W+ → R on W+ by
setting q+W (v) := AW (v, v). The diffeomorphism a : B(W−)→ A(W+) depends
on the choice of W−. This dependence disappears if we consider the tangent
space.
Lemma 6.3. Let W ∈ Sˇ. Then TW Sˇ is canonically diffeomorphic to A(W ).
Proof. The proof is a direct generalization of the argument in [28] in
the symplectic case. For the sake of completeness we repeat it. Assume that
Z, Z˜ ∈ B(W ) and let W ′ ∈ Sˇ be near W ∈ Sˇ. Then Z, Z˜ ∈ B(W ′). We write
Z˜ as graph of F : Z → W ,
Z˜ =: {z + Fz | z ∈ Z},
and W ′ as graph of T :W → Z and T˜ :W → Z˜ respectively, i.e.
W ′ = {x+ Tx |x ∈W} = {y + T˜ y | y ∈W}.
Since V = W ⊕ Z we obtain from the equalities x + Tx = y + T˜ y and
T˜ y = z + Fz by comparison that z = Tx and y = x− Fz. Hence
x+ Tx = (x− FTx) + T˜ (x− FTx).
Taking the product with any w ∈W we get
AZ(x,w) = h(Tx,w) = h(T˜ x, u)− h(T˜ FTx,w)
= AZ˜(x,w) − h(T˜ FTx,w).
But the second term on the right hand side vanishes of second order ifW ′ →W ,
which finishes the proof. 
6.2.2. The Quadric. Let V be a (n+ 2)-dimensional vector space with h a
symmetric bilinear form of signature (n, 2) on it. Let G = SO(n, 2) = SO(V, h).
The symmetric space XG the space of all 2-dimensional subspaces W ⊂ V
such that h|W > 0. The Shilov boundary of the associated symmetric space
is the set of all h-isotropic lines in V . Two lines L,M ∈ Sˇ are transverse if
L⊕M⊥ = M ⊕ L⊥ = V . This implies that the restriction of h to (L ⊕M) is
nondegenerate and of signature (1, 1), whereas the restriction of h to (L⊕M)⊥
is nondegenerate and of signature (n − 1, 1). We denote by t the unique map
t : L→M defined by the condition h(l, tl) = 1 for all l ∈ L.
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Let M,L ∈ Sˇ transverse.
Lemma 6.4. Suppose that N ∈ Sˇ transverse to L, then
N = {l + T l− h(T l, T l)tl | l ∈ L},
where T : L→ (L⊕M)⊥ is a linear map.
Proof. Decompose an element n ∈ N into its (L, (L ⊕ M)⊥,M)-parts,
n = l + T l+ atl. Then since N,L,M are isotropic and T l ∈ (L⊕M)⊥, we get
0 = h(n, n) = h(T l, T l) + ah(l, tl),
hence a = −h(T l, T l). 
Clearly this parametrization depends on M , but going to the tangential
space we get the following
Lemma 6.5. The tangential space TLSˇ can be identified in a canonical way with
Lin(R,Rn−1,1)
Proof. Assume M,M˜ ∈ Sˇ are transverse to L ∈ Sˇ. Then
M˜ = {m+ Tm− h(Tm,Tm)tm |m ∈M},
where t :M → L, with h(m, tm) = 1 and T :M → (M ⊕L)⊥ a linear map. Let
now L′ be an isotropic line near L in Sˇ. Then L′ is still transverse to M,M˜ .
Hence
L′ = {l +Al + h(Al,Al)tl | l ∈ L, t : L→M,A : L→ (L⊕M)⊥}
and
L′ = {x+ A˜x+ h(A˜x, A˜x)tx |x ∈ L, t : L→ M˜, A˜ : L→ (L⊕ M˜)⊥}.
We want to show that A and A˜ coincide up to first order. From
l +Al + h(Al,Al)tl = x+ A˜x+ h(A˜x, A˜x)tx
h(A˜x, A˜x)tx = m+ Tm− h(Tm,Tm)tm
we get by comparing to the components in the orthogonal sum decompositions
V =M ⊕ L⊕ (M ⊕ L)⊥ and V = M˜ ⊕ L⊕ (M˜ ⊕ L)⊥, that
x = l + h(Tm,Tm)tl
tl = −h(Al,Al)tl − (A˜x)M ,
where (A˜x)M denotes the M -part with respect to the above decomposition.
Hence we obtain
A˜x = A˜(l + h(Tm,Tm)tl) = A˜(l + h(Tm,Tm)(−h(Al,Al)tl − (A˜x)M )).
Taking the product h(l′, L) with l′ ∈ L′,
h(Al, L) − h(A˜x, L) =
h
(
h(Al,Al)tl + A˜h(Tm,Tm)(−h(Al,Al)tl − (A˜x)M )− h(A˜x, A˜x)tx, L
)
.
But the right side tends to zero in second order as L′ → L. 
Exkurs: A generalized Maslov index
The classical Maslov index
We want to sketch a generalization of the Maslov index which has been de-
fined on the space of Lagrangian subspaces to the Shilov boundaries of classical
Hermitian symmetric spaces of tube type.
Recall the definition of the usual Maslov cycle given by Arnold ([1]). Let V
be a 2n dimensional real vector space. Denote by Λ(V ) the space of Lagrangian
subspaces of V , dimΛ(V ) = N . The Maslov cycle with respect to a Lagrangian
subspace L ∈ Λ(V ) is defined by
Σ(L) := {W ∈ Λ(V ) | dim(W ∩ L) > 0}.
The set Σ(L) is the space of all Lagrangian subspaces in Λ(V ) which are not
transverse to L. It is an algebraic variety and a co-oriented codimension one
cycle in Λ(V ), thus it determines an element [Σ(L)] ∈ HN−1(Λ(V ),Z). The class
of Σ(L) does not depend on L. The Maslov index µ ∈ H1(Λ(V ),Z) is defined
to be the algebraic intersection number of a loop with Σ(L). One problem of
this definition of the Maslov index is that given a path, not only a loop, in
Λ(V ), the intersection number of this path with Σ(L) is only well defined if the
endpoints of this path are transverse to L.
There are other ways to define a Maslov index being defined for all paths,
but depending on the choice of a basepoint (see e.g. [77]).
The Maslov cycle in the general case
We make use of the results about the Bruhat decomposition of Sˇ to con-
struct a generalized Maslov index for Shilov boundaries of tube type domains.
Proposition. Let X be an irreducible Hermitian symmetric space of tube
type with Shilov boundary Sˇ. Then there exists a generalized Maslov index
µ ∈ H1(Sˇ,Z)mod torsion.
The Maslov index µ is constructed as in [1] as intersection number of a loop
with a codimension 1 cycle Σ in Sˇ. The existence of this cycle follows from the
Bruhat decomposition of the Shilov boundary of X.
Define Σ(z) := Sˇ\B(z).
Proposition. The set Σ(z) is an algebraic variety and a co-oriented codimen-
sion one cycle.
Proof. Σ(z) is the disjoint union of cells in the Bruhat decomposition
of Sˇ, giving it the structure of an algebraic variety. By Corollary 3.3 Σ(z) has
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codimension one and is a cycle. It inherits it co-orientation from the orientation
from Sˇ and B(z). 
Proposition. For an element α ∈ H1(Sˇ,Z)mod torsion, the intersection number
α · Σ(z) is well defined and independent of z ∈ Sˇ.
Proof. Since Sˇ is connected and Σ(z) is obtained from Sˇ by removing a
contractible set, the cycles Σ(z) and Σ(z′) are homologous for z, z′ ∈ Sˇ. Thus
the intersection number does not depend on z ∈ Sˇ. 
Given a path γ in Sˇ whose end points lie in B(z), by perturbing γ a bit,
if necessary, it intersects Σ(z) transversely in the smooth stratum and we may
define the Maslov index of γ, µ(γ), to be the geometric oriented intersection
number of γ with Σ(z). The equivariant Bruhat cell B gives rise to an equi-
variant version of the Maslov index, which is defined for paths in Sˇ × Sˇ.
The classical case.
Proposition. Let G = Sp(2n,R). The generalized Maslov index µ ∈ H1(Sˇ,Z)
coincides with the usual Maslov index µ˜ ∈ H1(Λ(V ),Z).
Proof. The Shilov boundary is the space of Lagrangian subspaces of V .
The codimension one algebraic varieties defined above are the same. 
For G = SU(n, n),SO∗(4n) the Shilov boundary is also given as the space
of maximal isotropic subspaces. The Maslov cycle Σ(L) consists again of all
maximal isotropic subspaces having nonzero intersection with L.
Remark 6.6. The parametrization of the Shilov boundary of a tube type do-
main by the vector space with Jordan algebra structure, allows to give a gen-
eralization of the construction of Robbin and Salamon [77] of a Maslov index
using crossing form. Since these things do not lie within the scope of this work,
we do not extend this idea here.
CHAPTER 5
Cocycles
1. The Bergmann and the Ka¨hler cocycle
1.1. The Bergmann cocycle on an arbitrary bounded domain. Let
D ⊂ Cn be a bounded domain equipped with its Bergmann kernel
k : D ×D → C.
Denote by G = Aut(D) the group of holomorphic automorphisms of D. Then
the Bergmann kernel has the following invariance property: Let g ∈ G, then
k(gx, gy) = j(g, x)−1k(x, y)j(g, y)
−1
,
where j(g, x) is the complex Jacobian of g : D → D ⊂ Cn. Let argk(x, y)
denote the unique continuous determination of the argument of k to D2 such
that argk(x, x) = 0 for all x ∈ D.
We define the Bergmann cocycle as
β(x, y, z) := argk(x, y) + argk(y, z) + argk(z, x).
This is a G-invariant continuous alternating cocycle on D3
The Bergmann kernel defines, via its Ka¨hler form ω = 12ddC log k(z, z),
another G-invariant singular C1-cochain given by integration over C1-simplices:
Given such a simplex ∆x,y,z with vertices (x, y, z) ∈ D3, we define the Ka¨hler
cocycle as
c(∆x,y,z) :=
∫
∆x,y,z
ω
Remark 1.1. Since the form ω is exact, the value of c(∆x,y,z) does not depend
on the filling of the simplex.
Lemma 1.2. The cocycles β(∆x,y,z) := β(x, y, z) and c(∆x,y,z) define the same
G-invariant singular cohomology class.
Proof. We have to show that (c − β) is the boundary of a G-invariant
singular cochain. Let ∆x,y,z be a C
1-simplex, with sides γxy, γyz , γzx. Then∫
∆
ω =
1
2
(
∫
γxy
dC log k +
∫
γyz
dC log k +
∫
γzx
dC log k).
Now
∫
gγxy
dC log k =
∫
γxy
dCg
∗ log k, but
g∗ log k(x, x) = log k(gx, gx) = log |j(g, x)|−2k(x, x)
= log |j(g, x)|−2 + log k(x, x).
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This implies that
1
2
(
∫
gγxy
dC log k(z, z) −
∫
γxy
dC log k(z, z)) =
1
2
∫
γxy
dC log |j(g, z)|−2
= −1
2
∫
γxy
2dCℜ log(j(g, z))
= −1
2
∫
γxy
2dℑ log(j(g, z)) = (argj(g, x) − argj(g, y)),
where argj(g, x) being the continuous determination of the argument. On the
other hand
argk(gx, gy) = −argj(g, x) + argk(x, y) + argj(g, y),
hence the cochain
α(γ) =
1
2
∫
γ
dC log k − argk(γ(0), γ(1))
is G- invariant. 
1.2. The Bergmann cocycle on bounded symmetric domains. If
D is a bounded symmetric domain, then the group G acts transitively on D
and we obtain the equality of the Bergmann cocycle and its associated Ka¨hler
cocycle on the cochain level. Define c(x, y, z) := c(∆x,y,z), where ∆x,y,z is a
geodesic triangle with vertices in x, y, z in D.
Lemma 1.3. If D ⊂ Cn is a bounded symmetric domain then β(x, y, z) =
c(x, y, z).
Proof. From the above we know that
1
2
∫
γxy
dC log k − argk(x, y)
is G-invariant. Since G acts transitively we may suppose that x = 0, in which
case dC log k = 0 along the geodesic γ0y and argk(0, y) = 0. 
From now on the Bergmann kernel on D will be normalized in such a way
that the minimal holomorphic curvature of its associated metric is −1.
We would like to extend the continuous cocycle β : D3 → R to a continuous
cocycle on D3. This is not possible since the Bergmann kernel k does not extend
continuously to D2, but only to a part of it.
Recall that U ′ ⊂ p+ × p+ was defined to be the subset consisting of z, w ∈
p+ × p+ such that exp(−σ(w)) exp(z) ∈ P+KCP−. By Lemma 3.4 in Chapter
3, k extends continuously to D(2) := D2∩U ′ and we may extend the Bergmann
cocycle to a G-invariant continuous alternating cocycle
β : D(3) → R,
where D(3) := {(x1, x2, x3) ∈ D3 | (xi, xj) ∈ D(2),∀i 6= j}. In [26, 24] it is
proven that this cocycle is bounded with
(1.1) max
(x,y,z)∈D(3)
|β(x, y, z)| = πrX .
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The properties of triples (x, y, z) ∈ D(3) realizing this maximum are studied
in [24].
Proposition 1.4. ([24]) Let (x, y, z) ∈ D(3). Assume that β(x, y, z) = πrX .
Then
(1) x, y, z lie on the Shilov boundary of a maximal subdomain of tube type
Txyz ⊂ D.
(2) The stabilizer StabG(x, y, z) is compact. In fact, the set of fixed points
of StabG(x, y, z) is a holomorphically tightly embedded disc containing
x, y, z on its boundary.
The Proposition implies in particular that the maximum is obtained on the
Shilov boundary.
The extension of the Bergmann cocycle is defined on the space of triples of
pairwise transverse points in the Shilov boundary Sˇ(3):
Lemma 1.5. Let x, y ∈ G/Q be transverse. Then (Φ(x),Φ(y)) ∈ D(2) ∩ Sˇ2.
Proof. By definition we have that (x, y) ∈ B ⊂ G/Q×G/Q. Since G acts
transitively on B, we may assume that (x, y) = (c(x0), c
−1(x0)). Thus
Φ(x) = ξ−1ξ(io+r ) = io
+
r ,
Φ(y) = ξ−1ξ(−io+r ) = −io+r
and (Φ(x), σ(Φ(y)) = (io+r , io
−
r ).
But
exp(−io−r ) exp(io+r ) = exp(
1
2
io+r )k exp(−
1
2
io−r ) ⊂ P+KCP−,
with k being exp(4i
∑r
j=1Hi). Hence (Φ(x),Φ(y)) = (io
+
r ,−io+r ) ⊂ U ′∩ Sˇ2. 
The restriction of the Bergmann cocycle to the Shilov boundary defines a
bounded G-invariant continuous alternating cocycle β : Sˇ(3) → R on the space
of pairwise transverse triples in Sˇ. From now on Bergmann cocycle will refer
to this restriction of the Bergmann cocycle to the Shilov boundary.
From Theorem 4.4 in Chapter 4 we deduce that the Bergmann cocycle
behaves differently with respect to tube type and non tube type symmetric
spaces.
Proposition 1.6. If D is not of tube type, then β : Sˇ(3) → R takes infinitely
many values. More precisely β(Sˇ(3)) = [−πrX , πrX ].
If D is of tube type, the cocycle β takes only finitely many values on Sˇ(3),
namely π(rX − 2k), where k = 0, . . . , rX .
Proof. The statement about bounded symmetric domains of tube type is
well known [23], therefore we give only a proof for the statement about domains,
which are not of tube type. The Bergmann cocycle β is bounded by ±πrX and
assumes the values ±πrX for three distinct points lying on the boundary of
a holomorphic tight disc in X. Since D is not of tube type, Theorem 4.4 in
Chapter 4 implies that Sˇ(3) is connected, so its image under the continuous
map is a connected set containing ±πrX ., hence it is [−πrX , πrX ]. 
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2. The Ka¨hler cocycle as bounded cohomology class
The G-invariant normalized Ka¨hler form ω ∈ Ω2(X)G defines a G-invariant
cocycle cG : G
3 → R by integration over geodesic simplices:
cG(g0, g1, g2) :=
∫
∆(g0x,g1x,g2x)
ω,
where x ∈ X is arbitrary and ∆(g0x, g1x, g2x) is the geodesic triangle spanned
by (g0x, g1x, g2x).
By Lemma 1.3 we have cG(g0, g1, g2) = β(g0x, g1x, g2x). In particular
sup
g∈G3
|cG(g)| = πrX
and thus cG ∈ Cb(G3)G is a bounded cocycle and defines a class kbX = [cG]b ∈
H2cb(G), called the bounded Ka¨hler class. with ||kbX || = supg∈G3 |cG(g)|. Under
the isomorphism H2cb(G)
∼= H2c(G) ∼= Ω2(X)G, the bounded Ka¨hler class kbX
corresponds to ω.
3. The Bergmann cocycle as bounded cohomology class
The Shilov boundary is a separable compact metrizable space with a con-
tinuous G-action. If the Bergmann cocycle would be defined not only on the
space of transverse triples, but on the whole Sˇ3, we could apply Proposition 3.2
of Chapter 1 to conclude that β defines a bounded cohomology class in H2cb(G).
Even though the Bergmann cocycle does not extend to Sˇ3, we can surpass these
difficulties using the arguments of [15, § 5].
Let
Sˇ(n) :=
{
(x1, x2, . . . , xn) ∈ Sˇ : xi, xj are transverse for all i 6= j
}
.
Denote by dn the naturally defined homogeneous coboundary operator.
Then the complex (B∞alt(Sˇ(n)), dn) of bounded alternating Borel functions on
Sˇ(n), endowed with the supremum norm, is a strong G-resolution of R. Since
G acts transitively on Sˇ(2) there are no G-invariant alternating Borel functions
on Sˇ(2). The Bergman cocycle
β : Sˇ(3) → R
is an element of B∞alt(Sˇ(3)). Applying [14, Proposition 1.5.2] there is a canonical
map
H∗(B∞alt(Sˇ(∗+1))G)→ H∗cb(G);
Under this canonical map the class [βD] corresponds to the bounded Ka¨hler
class kbX ∈ H2cb(G).
4. The Hermitian triple product
On a Zariski open subset of the compact dual Hermitian symmetric space
M+ we define a multiplicative cocycle, which we call the Hermitian triple prod-
uct since it is a generalization of the Hermitian triple product for G = SU(p, q)
defined in [40] and [15]. We relate the restriction of the Hermitian triple prod-
uct to the Shilov boundary to the Bergmann cocycle. Due to the algebraic
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nature of the Hermitian triple product we may later apply arguments in the
Zariski topology as in [15]. We work with the complexification GC of GC and
the complex model for the Shilov boundary.
Recall that the complexified Bergmann kernel, kC : U → C, was defined on
an open subset U ⊂ p+ × p−. We define U (2) ⊂ (p+ × p−)2,
U (2) = {((z1, w1), (z2, w2)) ∈ (p+ × p−)2 | (z1, w2) ∈ U, (z2, w1) ∈ U}.
Furthermore define
U (3) = {(zi, wi)i=1,...,3 ∈ (p+ × p−)3 | ((zi, wi), (zj , wj)) ∈ U (2) ∀i 6= j}.
Note that we also normalize the complexified Bergmann kernel in such a way
that k(z, w) = kC(z, σ(w)) is the normalized Bergmann kernel.
Define A = C × C with real structure given by ∆A : C → A, a → (a, a).
There is a diagonal action by C and a complex conjugation defined on A.
Σ : A→ A, (a, b) 7→ (b, a).
We define a triple product
E : U (3) → A = C× C
by
E ((z1, w1), (z2, w2), (z3, w3)) :=
((kC(z1, w2)k
C(z2, w3)k
C(z3, w1) , k
C(z2, w1)k
C(z3, w2)k
C(z1, w3))
Lemma 4.1. E satisfies the following relations:
(1) Within the domain of definition:
E(∆(g)(zi, wi)i=1,...,3) = λE((zi, wi)i=1,...,3) with g ∈ GC, λ ∈ C×
depending on g and zi, wi
(2) E ((σ(zi), σ(wi))i=1,...,3) = Σ(E((zi, wi)i=1,...,3))
(3) E ((zi, σ(zi))i=1,...,3) = (e
iβ(z1,z2,z3), e−iβ(z1,z2,z3)) for all zi ∈ Sˇ ⊂ p+.
Proof. All assertions follow by direct computations using the properties
of kC from Lemma 2.2 in Chapter 3 and the definition of β. 
Define U(2) ⊂ (GC/N)2 to be the image of U (2) under the map ξ × ξ, with
ξ = (ξ+, ξ−) : p+ × p− → GC/N
and U(3) ⊂ (GC/N)3 the image of U (3) under ξ3 := ξ × ξ × ξ.
By precomposition with ξ−13 : U
(3) → U (3), the triple product on U (3)
defines the Hermitian triple product on the subset U(3) ⊂ (GC/N)3:
HTPC := E ◦ ξ−13 : U(3) → A×/C×
Lemma 4.2. The Hermitian triple product HTPC is a GC-invariant multiplica-
tive cocycle.
Proof. The properties of Lemma 4.1 imply the GC-invariance of HTPC.
The cocycle condition follows from the corresponding properties for the com-
plexified Bergmann kernel. 
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Lemma 4.3. The restriction of the Hermitian triple product HTPC|Sˇ(3) is well-
defined and takes values in C×/R×+. Furthermore
HTPC|Sˇ(3)(z1, z2, z3) = eiβ(Φ(z1),Φ(z2),Φ(z3)).
Proof. We realize Sˇ in GC/N as in Proposition 5.1 in Chapter 4. Then
Lemma 4.5 in Chapter 4 implies that Sˇ(3) ⊂ U(3) and the Hermitian triple
product is well defined on Sˇ(3). By property (2) of Lemma 4.1 it takes values
in the real points of A×/C×, which is C×/R×+. Furthermore with xi = Φ(zi)
HTPC|Sˇ(3)(z1, z2, z3) =
E((x1, σ(x1)), (x2, σ(x2)), (x3, σ(x3))) =
(eiβ(x1,x2,x3), e−iβ(x1,x2,x3)) = ∆A
(
eiβ(x1,x2,x3)
)
.

4.1. Tube type and not tube type. For (z1, z2) ∈ GC/Q(2) ⊂ GC/Q2∩
U(2), define B12 ⊂ GC/Q to be the connected subset of those elements z ∈
GC/Q such that (z1, z2, z) ∈ (GC/Q)(3).
Lemma 4.4. The set B12 ⊂ GC/Q is Zariski open. The function
P12 : B12 → A×/C×
given by P12(z3) := HTPC(z1, z2, z3) is regular.
Lemma 4.5. If X is not of tube type, then for every l ∈ Z, l 6= 0 P l12 is not
constant.
Here P l12(z) =
(
P12(z)
)l
, where the product is taken in A×/C×.
Proof. We have
P12
(B12(R)) = Image (HTPC|Sˇ(3)) = ei Image(β|Sˇ(3)).
When X is not of tube type the latter is infinite by Proposition 1.6. 
5. A generalized Maslov cocycle for tube type domains
We come back to the problem of extending the Bergmann cocycle to a cocy-
cle defined on all triples, not only on the subset of triples of pairwise transverse
points.
Consider the case where D = D and Sˇ = S1. Then Sˇ(3) is the set of triples
of pairwise distinct points on S1 and the extension of β to (S1)(3) coincides up
to a factor π with the orientation cocycle c : (S1)3 → R, which assigns ±1 to
a positive (resp. negative) oriented triple and 0 to degenerate triples. Hence
the cocycle β can be extended by πc to a strict cocycle on (S1)3. Clearly this
extension is not continuous.
For general symmetric domains of tube type there is an extension of the
Bergmann cocycle to strict cocycle on Sˇ3 due to Clerc ([22]). Recall that for
the symplectic group the Shilov boundary is the space of Lagrangian subspaces
of a symplectic vector space V with symplectic form h. The well known (see
e.g. [63]) Maslov cocycle τ : Sˇ3 → R, τ(L1, L2, L3) = sign(B), is defined to be
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the signature of the quadratic form B on L1⊕L2⊕L3 defined by B(l1, l2, l3) =
h(l1, l2) + h(l2, l3) + h(l3, l1).
This definition has been generalized to all classical domains of tube type
[21]. For a general bounded symmetric domain of tube type Clerc [22] con-
structed an extension of β to a strict cocycle on Sˇ3 using an approach via
Jordan algebras. He associates to every point x ∈ Sˇ a family of curves Cx,
called “radial” in x, with gCx = Cgx for all g ∈ G. The extension of the argu-
ment of the Bergmann kernel along curves in Cx gives a well-defined function
on Sˇ2. Thus he can extend β to a G-invariant alternating cocycle on Sˇ3, sat-
isfying also ||β||∞ = πrx. For classical domains the so defined Maslov cocycle
τ : Sˇ3 → R, τ = 1πβ coincides with the Maslov cocycle defined via quadratic
forms and on transverse triples with the Maslov cocycle defined in [23].
We will need a slight variation of the definition of Clerc. Let
Sˇ[3] := {(x1, x2, x3) ∈ Sˇ3 |xi is transverse to xj , xk for some i}
be the space of triples, where one point is transverse to the other two. We will
define a G-invariant function on Sˇ[3] whose extension to Sˇ3, via the cocycle
identity, coincides with Clerc’s Maslov cocycle τ coming from the extension of
β constructed in [22]. With this variation we prove in particular
Lemma 5.1. Let (x1, x2, x3) ∈ Sˇ[3]. If β(x1, x2, x3) = rXπ, then (x1, x2, x3) are
pairwise transverse.
5.1. The Maslov cocycle for general tube type domains. Recall that
a bounded symmetric domain of tube type is biholomorphically equivalent, say
via T : D → TΩ, to a tube domain TΩ := {u + iv |u ∈ V, v ∈ Ω ⊂ V }, where Ω
is a symmetric convex cone in the real vector space V .
We can now define a Maslov cocycle for triples (x1, x2, x3) ∈ Sˇ[3]. Using
the transitivity of the G-action on Sˇ, we may assume that T (x3) = ∞ and
y1 = T (x1), y2 = T (x2) ∈ V , then the Maslov cocycle is defined to be
τ(x1, x2, x3) := (k+(y2 − y1))− k−(y2 − y1)),
where k± are the numbers of positive respectively negative eigenvalues in the
spectral decomposition of (y2 − y1) with respect to a Jordan frame (cj)j=1,...,r.
Given any triple x1, x2, x3 ∈ Sˇ, using the operation of G we may assume
that x1, x2, x3 are transverse to ∞, hence y1, y2, y3 in V . The cocycle identity
allows us to define τ on Sˇ3 as
τ(x1, x2, x3) = τ(x1, x2,∞) + τ(x2, x3,∞)− τ(x1, x3,∞)
= (k+(y2 − y1)− k−(y2 − y1))
+ (k+(y3 − y2)− k−(y3 − y2))
− (k+(y3 − y1)− k−(y3 − y1)).
This formula for τ coincides with the formula for the Maslov cocycle given in
[22]. Hence we get
Corollary 5.2. Assume that D is of tube type. The Bergmann cocycle on
Sˇ(3) coincides with πτ , where τ is the Maslov cocycle defined above.
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Proof. In [22] it is shown that the Maslov cocycle defined there coincides
with the Bergmann cocycle on triples of pairwise transverse points. 
We collect some properties of the Maslov cocycle τ .
Lemma 5.3. If τ(x1, x2, x3) = r, then k+(y2 − y1) = r.
Lemma 5.4. Let (x1, x2, x3) be as above with τ(x1, x2, x3) = r, then x1 and x2
are transverse.
Proof. From maximality we get r = k+(y2 − y1) − k−(y2 − y1), where
0 ≤ k± ≤ r are the numbers of positive respectively negative eigenvalues in the
spectral decomposition of (y2−y1) with respect to a Jordan frame (cj)j=1,...,rX .
This implies k+(y2 − y1) = r. Therefore (y2− y1) has a spectral decomposition
of the form (y2 − y1) =
∑r
j=1 λjcj , where λj > 0 for all j, hence det(y2 − y1) =
Πrj=1λj > 0, in particular det(y2 − y1) 6= 0 and x2 is transverse to x1. 
From the ordering induced by the Maslov cocycle (see Lemma 5.3) it follows
Lemma 5.5. Choose f+, f− ∈ Sˇ transverse. Let (xi), (yi) be sequences in Sˇ,
with xi, yi transverse to f− for all i and such that τ(f+, xi, f−), τ(f+, yi, f−)
and τ(yi, xi, f−) are maximal for all i. Assume that xi → f+ for i → ∞, then
yi → f+ for i→∞.
Proof. Indeed, if xi → f+, then T (xi)→ T (f+). By Lemma 5.3 k+(T (xi)−
T (yi)) = r, hence k+(T (yi) − T (f+)) ≤ k+(T (xi) − T (f+)) → 0. Therefore,
since k+(T (yi)−T (f+)) = r for all i, we get T (yi)→ T (f+) by the uniqueness
of the spectral decomposition. 
Remark 5.6. If we assume furthermore that y1 = 0 we can define τ(x1, x2, x3) =
k+(y2)− k−(y2).
Corollary 5.7. The cocycle β extends to a strict cocycle on Sˇ3 with
(1) |β(x1, x2, x3)| ≤ rXπ for all x1, x2, x3 ∈ Sˇ
(2) if x3 is transverse to x1 and x2 and β(x1, x2, x3) = rXπ, then x1 and
x2 are transverse.
5.2. Maslov cocycle via quadratic forms. For the classical domains
associated to G = SU(V, h) = Sp(2n,R),SU(n, n),SO∗(4n) we give a concrete
construction of the above defined Maslov cocycle via the signature of qua-
dratic forms. These quadratic forms constructed here are used in section 6 to
construct metrics on appropriate vector bundles. Denote by Λ(V ) = Sˇ the
Shilov boundary, which is isomorphic to the space of maximal h-isotropic sub-
spaces of V . Recall that two such subspaces W+,W− ∈ Λ(V ) are transverse,
if W+ ∩ W− = {0}, in particular V = W+ ⊕ W−. Denoting by B(W−) :=
{W ∈ Λ(v)|W ∩W− = {0}} the space of all maximal h isotropic subspaces
W ⊂ V that are transverse to W− and by A(W+), W+ ∈ B(W−), the space of
all σ-symmetric nondegenerate bilinear forms on W+. We have constructed a
diffeomorphism a : B(W−)→ A(W+) as follows (see Proposition 6.1 in Chapter
4): Given W ∈ B(W−). In the coordinates given by V = W− ⊕W+ we write
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W = graphTW , where TW ∈ Lin(W+,W−) is determined by v + TW v ∈ W for
all v ∈W+. The map T defines a bilinear form AW on W+ for all v,w ∈W+
AW (v,w) := h(v, Tw),
for all v,w ∈W+. The bilinear form AW defines a quadratic form q+W :W+ → R
on W+ by setting q
+
W (v) := AW (v, v).
Definition 5.8. Given W− ∈ Λ(V ) and W+,W ∈ B(W−), define the Maslov
cocycle as τ(W+,W,W−) := sign(q+W ).
Lemma 5.9. If (W+,W,W−) ∈ Sˇ(3) then τ(W+,W,W−) = 1πβ(W+,W,W−).
Proof. Direct computations show that τ coincides with the Maslov cocycle
on transverse triples defined in [23], which coincides with 1πβ. 
Lemma 5.10. If τ(W+,W,W−) = maxSˇ(3) |τ |, then (W+,W,W−) ∈ Sˇ(3).
Proof. We argue by contradiction. Assume that W+,W are not trans-
verse, then dim(W+ ∩ W ) ≥ 1. Take 0 6= v ∈ W+ ∩ W . Then q+W (v) =
AW (v, v) = h(v, Tv) = h(v, 0) = 0. Hence q
+
W is degenerate and sign(q
+
W ) <
n. 
Lemma 5.11. GivenW+, U,W ∈ B(W−). Suppose that τ(U,W,L−) is maximal,
then q+U ≤ q+W .
Proof. By construction
q+W (l)− q+U (l) = h(l, TW (l))− h(l, TU (l)) = h(l, TW (l)− TU (l))
= h(l + TU (l), TW (l)− TU (l)) = q(l).
But now l + TU (l) ∈ U and the sum of the two arguments l + TU (l) + TW (l)−
TU (l) = l+TW (L) ∈ graph(TW ) =W , hence q(l) = qUW (l) is the quadratic form
on U , which is associatied to W via the map U → W−. By assumption this
form is positive definite, i.e. q(l) > 0. 
Lemma 5.12. LetNi ∈ Λ0(L−),Mi ∈ Λ0(L−) be sequences of maximal isotropic
subspaces such that τ(L+, Ni, L−), τ(L+,Mi, L−) and τ(Mi, Ni, L−) are maxi-
mal for all i. If Ni → L+ for i→∞, then Mi → L+ for i→∞.
Proof. Indeed, if Ni → L+, then q+Ni → qL = 0. By the above Lemma
q+Mi ≤ q+Ni , hence q+Mi → qL = 0 and therefore Mi → L. 
Remark 5.13. From Lemma 5.11 it follows that we could have defined the
Maslov cocycle in a different way, by fixing W− and W+ and associating to
any U, V ∈ B(W−) the quadratic forms q+U , q+V on W+. Then τ(U, V,W−) =
sign(q+V − q+U ). This coincides with the definition for the general case.
This description of the cocycle allows us to give a short proof of the com-
pactness of the stabilizer of a maximal triple in the Shilov boundary.
Corollary 5.14. Let (W+,W,W−) ∈ Sˇ(3) be a maximal triple. Then the
stabilizer of (W+,W,W−) in G, StabG(W+,W,W−), is compact.
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Proof. Since G preserves h, any element fixing (W+,W,W−) leaves invari-
ant the definite σ-symmetric bilinear form AW , and is hence contained in the
compact subgroup defined by the invariance group of AW in G. 
Remark 5.15. A similar construction can be made for G = SO(n, 2), but the
construction of the cocycle is more involved.
CHAPTER 6
Tight homomorphisms and embeddings
Tight homomorphisms and tight embeddings play an important role in this
work. They are defined using bounded cohomology in degree two. The geomet-
ric properties of specific (optimal) representatives for these bounded cohomol-
ogy classes are used to determine geometric properties of the associated maps
and embeddings. The definition can be generalized to every bounded cohomol-
ogy class, but the interesting geometric properties shown in this section depend
on the knowledge of a nice representative of the bounded cohomology class and
on the geometric properties of the configuration of points, which maximize the
norm of this representative. Therefore we obtain geometric results only for
homomorphisms into semisimple Lie groups of Hermitian type. Some of the
results about totally geodesic tight embeddings suggest that a tight embed-
ding is a bounded cohomological avatar of calibrations in deRham cohomology.
General tight homomorphisms with respect to other classes might also inherit
nice geometric properties. Unfortunately, for most bounded cohomology classes
there are neither specific representatives nor any geometric properties known.
1. Definition and properties of α-tight homomorphisms
Let H,G be locally compact groups. A continuous homomorphism π : H →
G induces canonical pull-back maps π∗ in continuous cohomology and π∗b in
continuous bounded cohomology, such that the following diagramm commutes:
H∗cb(G)
κ

π∗
b // H∗cb(H)
κ

H∗c(G)
π∗ // H∗c(H)
where κ is the natural comparison map between continuous bounded cohomol-
ogy and continuous cohomology.
The continuous bounded cohomology groups come equipped with a canon-
ical seminorm || · ||, with respect to which π∗b is norm decreasing, i.e.
||π∗b (α)|| ≤ ||α|| for all α ∈ H∗cb(G).
Requiring that a homomorphism preserves the norm of some classes in
H∗cb(G) imposes restrictions on it.
Definition 1.1. Let H,G be locally compact groups, α ∈ H∗cb(G). A homo-
morphism π : H → G is called α-tight, if ||π∗(α)|| = ||α||.
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Lemma 1.2. Let π : H → G, ψ : G→ K continuous homomorphisms of locally
compact groups. Then ψ is α-tight and π is (ψ∗(α))-tight if and only if ϕ := ψ◦π
is α-tight.
Th following properties of tight embeddins are immediate consequences of
results about isometric isomorphisms in bounded cohomology from [19, 70].
Lemma 1.3. Suppose H,G are locally compact groups, α ∈ H∗cb(G) and π :
H → G a α-tight homomorphism.
(1) Let L < G be a closed subgroup. If π(H) ⊂ L then π is α|L-tight and
||α|L || = ||α||
(2) Let H0 < H be a closed subgroup. If there exists an invariant mean
on H/H0 then π|H0 is α-tight and ||π∗|H0α|| = ||π
∗α|| = ||α||.
(3) Let R⊳G be a normal closed amenable subgroup and α be the image
of α under the canonical isometric isomorphism Hcb(G) ∼= Hcb(G/R)
(see Proposition 4.1 in Chapter 1). Then ||α|| = ||α|| and the induced
homomorphism π : H → G/R is α-tight.
(4) Assume that α ∈ H2cb(G), G = Πni=1Gi and αi = α|Gi ∈ H
2
cb(Gi).
Then the induced homomorphisms πi = pri ◦ π : H → Gi are αi-tight.
Proof. For π : H → L < G we have ||α|L || ≤ ||α|| and π∗α = π∗α|L . Since
π is α-tight, we have
||α|L || ≥ ||π∗α|L || = ||π∗α|| = ||α||,
hence ||α|L || = ||π∗α|L ||. Moreover ||α|L || = ||α||.
The second and the third claim follow immediatly from the fact, that the
corresponding maps in bounded cohomology are norm preserving [19].
Observe that by Proposition 4.2 in Chapter 1 we have [19, Corollary 4.4.1.]
H2cb(G)
∼= Πni=1H2cb(Gi) with the property that ||α|| =
∑n
i=1 ||αi||, hence∑
||π∗αi|| = ||π∗α|| = ||α|| =
∑
||αi||,
what together with ||π∗αi|| ≤ ||αi|| proves the last claim. 
Remark 1.4. Given a map f : M → N between two nice enough topological
spaces one might say that f is α-tight, whenever the induced homomorphism
f : π1(M)→ π1(N) is α-tight with respect to α ∈ H∗b(π1(N)).
Tight homomorphisms might also be defined with respect to bounded cohomol-
ogy classes with nontrivial coefficients.
2. Ka¨hler tight homomorphisms
We turn to a specific class of tight homomorphisms which is related to
Hermitian symmetric spaces.
Definition 2.1. Let X be a Hermitian symmetric space of noncompact type,
let G be the group of isometries of X and kbX ∈ H2cb(G,R) the bounded Ka¨hler
class. A continuous homomorphism ρ : H → G is called tight, if it is kbX -tight.
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Let G = G1 × · · · ×Gk. The associated symmetric space X decomposes as
X = X1× · · · ×Xk. The choice of a G-invariant complex structure on X corre-
sponds to the choice of an element Zg ∈ c(k) =
⊕k
i=1 c(ki) =
⊕k
i=1 RZgi . On the
simple factors there are only two choices of complex structures corresponding
to ±Zgi . Hence the choice of a G-invariant complex structure corresponds to
the choice of an orientation on each simple factor.
Fixing a G-invariant metric on X the choice of a G-invariant complex struc-
ture determines a unique Ka¨hler class. If we do not fix the G-invariant metric,
the space of Ka¨hler classes becomes much bigger, since we have a Ka¨hler class
for each choice of metric and we might scale the metrics on the simple factors
independently, getting a k-dimensional space of invariant metrics and hence of
Ka¨hler classes.
Fortunately the notion of tightness does not depend on this scaling. This is
a consequence of the Banach space structure of H2cb and the following lemma.
Lemma 2.2. Let V be a Banach space. Let vi ∈ V , (i = 1, . . . , k) be norm one
vectors and assume that b = 1k
∑k
i=1 vi has norm one. Then every convex linear
combination v =
∑k
i=1 µivi with µi > 0 and
∑k
i=1 µi = 1 has norm one.
Proof. The norm of a vector w ∈ V is (Hahn-Banach) given by ||w|| =
sup||λ||=1 |λ(w)|, where λ : V → R is a linear form. That b is of norm one is
equivalent to the fact that for every ǫ > 0 there exists a linear form λ such that
λ(b) > 1 − ǫ. Assume that λ is a linear form satisfying λ(b) = λ( 1k
∑k
i=1 vi) =
1
k
∑k
i=1 λ(vi) > 1−ǫ. Then, since λ(vi) ≤ 1 for all i, it follows that λ(vi) > 1−kǫ
for all i. Hence λ(v) = λ(
∑k
i=1 µivi) =
∑k
i=1 µiλ(vi) > (1 − kǫ)(
∑k
i=1 µi) =
(1− kǫ). Since ǫ > 0 was arbitrary, this implies that ||v|| = 1. 
Lemma 2.3. Fix a G-invariant complex structure on the Hermitian symmetric
space X associated to G. Then a homomorphism ρ : H → G is tight if and
only if it is tight with respect to any Ka¨hler class which is compatible with the
chosen G-invariant complex structure.
Proof. The second bounded cohomology group of any locally compact
group G = G1 × · · · ×Gk, H2cb(G,R) ∼=
⊕k
i=1H
2
cb(Gi,R), is a Banach space, on
which the canonical norm is an l1-norm. For G a connected semisimple group
of Hermitian type, this l1-norm is defined with respect to the basis given by
generators αi ∈ H2cb(Gi,R) ∼= Rαi, where αi are the Ka¨hler classes compatible
with the induced complex structure on Xi, normalized in such a way that
||αi|| = 1. Assume that π : H → G is tight with respect to the Ka¨hler class
kbX =
1
k
∑k
i=1 αi. Then by Lemma 1.3 π is also tight with respect to αi for all
i. Hence we have elements ei := π
∗(αi) ∈ H2cb(H) of norm 1 with the property
that b = 1k
∑k
i=1 ei is also of norm 1. Any other Ka¨hler class α compatible
with the chosen complex structure is of the form α =
∑k
i=1 µiαi, where µi > 0.
We may assume that
∑k
i=1 µi = 1, hence in particular ||α|| = 1. The pullback
π∗(α) = π∗(
∑k
i=1 µiαi) =
∑k
i=1 µiπ
∗(αi). The homomorphism π : H → G is
α-tight if and only if the norm of π∗(α) is 1. From Lemma 2.2 it follows, that
||π∗(α)|| = 1. 
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3. Tight embeddings and their properties
Let now Y,X be symmetric spaces of noncompact type. To a totally geo-
desic embedding f : Y → X we have associated the corresponding homomor-
phism π : HY → G = Is(X)◦ of some finite extension HY of the connected
component of the isometry group Is(Y )◦ of Y . Assume that X is Hermitian.
Definition 3.1. A totally geodesic embedding f : Y → X is called tight if the
corresponding homomorphism π : HY → Is(X)◦ (see Section 3 in Chapter 2) is
tight.
We may give a more geometric definition of tightness of a totally geodesic
embedding. Let ω ∈ Ω2(X)G be a G-invariant Ka¨hler form on X compatible
with the G-invariant complex structure of X. Let f : Y → X be a totally
geodesic embedding, then f∗ω defines an HY -invariant Ka¨hler form on Y . In
particular if f∗ω does not vanish, Y is Hermitian, but f∗ω might not be com-
patible with the complex structure on Y . The embedding f is tight if and only
if
sup
∆⊂Y
∫
∆
f∗ω = sup
∆⊂X
∫
∆
ω
where the supremum is taken over all geodesic triangles ∆ in Y or X, respec-
tively.
Remark 3.2. Note that the restriction to Hermitian symmetric spaces of non-
compact type is natural, since the condition of being tight is empty if H2cb(G) =
0, which is the case whenever G is compact or has no factor of Hermitian type
([18]).
An important tool to study general tight embeddings is the tight holomor-
phic embedding of the disc D, i.e. the diagonal embedding of D into a maximal
polydisc in a Hermitian symmetric space.
Lemma 3.3. The tight holomorphic disc f(D) = C ⊂ X is tightly embedded
into X.
Proof. Let ω be the invariant Ka¨hler form on X. Let ∆ be an ideal
triangle in D. Then
∫
∆ f
∗ω = πrX . 
In the case where H is a simple group, H2cb(H,R) is one dimensional and
we can relate the pull-back of the Ka¨hler class of G to the Ka¨hler class of H.
Lemma 3.4. Assume that H is simple. Suppose π : H → G is a kG-tight
homomorphism. Then π∗kbX =
rX
rY
kbY , where k
b
X , k
b
Y denote the bounded Ka¨hler
classes.
Proof. Since H is simple, the space H2cb(H) is one dimensional and there-
fore π∗kbX is a constant multiple of k
b
Y . The constant is determined by the ratio
||kbX ||/||kbY || = rXrY . 
We can now use the results of [24] about the characterization of maximal
triples (see Proposition 1.4 in Chapter 5) to exhibit certain properties of tight
embeddings:
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Proposition 3.5. Let f : Y → X be a tight embedding then f extends uniquely
to a continuous equivariant map SˇY → SˇX of the Shilov boundaries.
Proof. We work with the bounded symmetric domain realizations DY and
DX of Y and X. We may assume that f(0) = 0. Assume first that DY = D.
For any point x ∈ SˇY = S1 we extend the map f by mapping x to the endpoint
in ∂DX of the image of the geodesisc joining x to 0 ∈ D. This defines a map
f : S1 → ∂DX ,
which is independent of the chosen base point 0 ∈ D. Since any distinct
points (x, y, z) ∈ Sˇ31 are joined by geodesics, the corresponding image points
(f(x), f(y), f(z)) ∈ ∂D3X are also joined by geodesics and hence (Lemma 4.5
in Chapter 4) pairwise transverse. The assumption that π is tight implies that
any pairwise distinct points x, y, z realize the supremum of f∗βDX
||f∗βDX (x, y, z)|| = rX ||βD(x, y, z)|| = ||βDX ||.
Hence by Proposition 1.4 in Chapter 5 we get that f(x), f(y), f(z) ∈ Sˇ.
This extends f to f : S1 → SˇX . Since f is independent of the base point in D,
it is equivariant with respect to π.
Suppose now that DY is arbitrary. For any point x ∈ SˇY take the unique
tight holomorphic disc Dx through 0 in DY , containing x in its boundary. The
map fx = f|Dx extends by the previous argument to the Shilov boundary. Mak-
ing this construction for all y ∈ SˇY we can extend f to the Shilov boundary.
This extension is independent of the chosen point 0 ∈ DY . Indeed, let a ∈ DY
be another point and Dax the tight holomorphic disc through a containing x in
its boundary. Then the two geodesics γ0x and γax lying in Dx and D
a
x respec-
tively are both maximal singular geodesics which lie in bounded distance from
each other by Proposition 1.1 of Chapter 4. Their images under f remain in
bounded distance from each other, hence determine the same point in the geo-
metric boundary and hence by Proposition 1.1 of Chapter 4 the same point in
the Shilov boundary SˇX . This implies that the extension f of f is π-equivariant
and thus a diffeomorphism onto its image. 
As Corollary we get the analog of Lemma 3.4 for the Bergmann cocycle
Corollary 3.6. Assume that H is simple. Suppose π : H → G is a kG-tight
homomorphism. Then ϕ∗(βG) = rXrY βH , where βG, βH denote the normalized
Bergmann cocycles.
Proof. We have the following commuting diagramm
H∗(B∞alt(Sˇ(∗+1)X )G)
ϕ∗

// H∗cb(G)
ρ∗

H∗(B∞alt(Sˇ(∗+1)Y )H) // H∗cb(H)
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Since H acts transitively on Sˇ
(2)
Y , there are no coboundaries in degree two and
the pull-back ϕ∗(βX ) ∈ B∞alt(Sˇ(∗+1)Y )H of βX is a multiple of βY ∈ B∞alt(Sˇ(∗+1)Y )H
since H is simple. 
Based on the different behaviour of the Bergmann cocycle with respect to
(non) tube type Hermitian symmetric spaces, we obtain the following obstruc-
tion to the existence of tight totally geodesic embeddings.
Corollary 3.7. Let X be a Hermitian symmetric space of tube type. Suppose
that Y is a Hermitian symmetric space, f : Y → X a tight totally geodesic
embedding. Then Y is of tube type.
Proof. Since f : Y → X is tight, it extends to f : SˇY → SˇX . The pull-
back f
∗
(βX) is a multiple of βY . It takes only finitely many values, whereas –
if Y is not of tube type – βY assumes a continuous interval of values. 
Remark 3.8. The converse statement of Proposition 3.5 is not true. There are
totally geodesic embeddings which extend to a map of the Shilov boundaries
but which are not tight.
3.1. Tight homomorphisms into Lie groups of Hermitian type.
Proposition 3.9. Suppose that the inclusion of a semisimple subgroup H < G
is a tight homomorphism. Then the centralizer ZentG(H) of H in G is compact.
Proof. Denote by Y and X the Hermitian symmetric spaces associated
to H and G. This time we will work first in the homogeneous model of Y
and X. Choose a triple of pairwise transverse points x, y, z ∈ SˇY such that
f∗β(x, y, z) = rXπ. Let γxy, γyz, γzx denote geodesics in f(DY ) connecting
f(x), f(y), f(z). Since f(x), f(y), f(z) ∈ SˇX , Proposition 1.1 in Chapter 4
implies that the geodesics are of some (possibly different) type θ ∈ Θr. Each
element g ∈ ZentG(H) maps the geodesics to geodesics gγxy, gγyz , gγzx, such
that d(γ(t), gγ(t)) is uniformly bounded. Furthermore, since g ∈ G, gγ is of the
same type as γ. By the definition of the geometric boundary gγ(∞) = γ(∞)
and hence, by Proposition 1.1 in Chapter 4, gγxy, gγyz , gγzx connect the same
points x, y, z in SˇX . In particular
ZentG(H) < StabG(f(x), f(y), f(z)),
which is compact by Proposition 1.4 in Chapter 4. 
Theorem 3.10. Let π : H → G a (continuous) tight homomorphism. Then
L = π(H)
Z
is reductive with compact center. The symmetric space associated
to the semisimple part of L is Hermitian symmetric.
Proof. Let L := π(Γ)
Z
(R) be the real points of the Zariski closure of π(H).
We may assume (Lemma 1.3) that L is connected and that the inclusion L→ G
is tight. Let L′ = L/R be the semisimple part of L. The inclusion L′ → G
is tight by Lemma 1.3. Hence by Proposition 3.9 the centralizer of L′ in G is
compact. Since ZentG(L) ⊂ ZentG(L′), the centralizer of L in G is compact.
The center of L is contained in ZentG(L) and hence it is compact.
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Assume that L would not be reductive, then L is contained in a proper par-
abolic subgroup of G ([7]). But if L is contained in a proper parabolic subgroup
of G, the centralizer of the Levi component of this parabolic group, which is
noncompact, is contained in the centralizer of L, which is compact. This is a
contradiction. Therefore L is reductive. Denote by M the semisimple part of
L and let M ′ = M1 × · · · ×Mℓ be the product of the simple factors of M such
that kbL|Mi 6= 0. From Lemma 1.3 it follows that the induced homomorphism
of M ′ → G is tight. This implies that M = M ′ × C, where C are the compact
factors of M , hence the symmetric space Y associated to M is Hermitian and
tightly embedded into Y . 
3.2. Tight embeddings and tube type. Tight embeddings extend to
equivariant maps of the Shilov boundaries. The Shilov boundary reflects the
property of being of tube type or not, therefore tight embeddings are sensitive
to the difference between tube type and not tube type.
Proposition 3.11. Assume that Y is of tube type and f : Y → X is a tight
embedding. Then f(Y ) is contained in a maximal subdomain of tube type
T ⊂ X.
Proof. Fix two transverse points x, y ∈ SˇY . They are mapped under f
to transverse points f(x), f(y) ∈ SˇX , hence they determine (Lemma 4.2 in
Chapter 4) a unique maximal subdomain of tube type Tf(x),f(y) ⊂ X. Consider
the set Mxy ⊂ Sˇ consisting of all points z ∈ Sˇ that are transverse to x and y
and form a maximal triple with x and y. Then, by Proposition 1.4 in Chapter
5, f(Mxy) ⊂ Sˇ(Tf(x),f(y)). The two sets f(SˇY ) and Sˇ(Tf(x),f(y)) are real smooth
connected algebraic subvarieties of Sˇ, which intersect in f(Mxy), which is an
open set in f(SˇY ). This implies f(SˇY ) ∩ Sˇ(Tf(x),f(y)) = f(SˇY ), hence f(SˇY ) ⊂
Sˇ(Tf(x),f(y)) 
4. The Ka¨hler form on Lie algebra level
Assume H,G are simple and of Hermitian type. Then c(k) is one dimen-
sional. Let Zh, Zg be generators inducing the complex structures on Y and X.
The Lie algebra k decomposes as k = c(k)⊕ [k, k] and for any X ∈ k there exists
a unique λ(X) ∈ R such that
X = λ(X)Zg+ [k, k].
Since [p, p] ⊂ k, define for all V,W ∈ p: Ω(V,W ) = λ([V,W ]). This map is
linear, antisymmetric and K-invariant. Hence Ω ∈ Λ2(p)K extends under the
identification of Tx0X
∼= p via left translations to a G-invariant 2-form on X.
This implies that Ω is a constant multiple of the (normalized) Ka¨hler form ωX ,
where the constant can be explicitly calculated, as it is done in [15].
Note that for the holomorphic tight embedding of the disc into a Hermitian
symmetric space of tube type, the associated homomorphism of the Lie algebras
satisfies λ(π(h)) = 1, since π(Zh) = Zg. For homorphisms between simple
groups of tube type the condition |λ(π(Z0))| = 1 turns out to give a criterion for
tightness which is easily computable for explicit representations of Lie algebras.
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Lemma 4.1. Assume that H,G are simple and of tube type. Let π : H → G be
a homomorphism and π∗ : h → g the corresponding homomorphism of the Lie
algebras. Then π is tight if and only if π∗ satisfies |λ(π∗(Zh))| = 1.
Proof. Consider first the case where π∗ : h0 = su(1, 1) → g. Then the Lie
algebra homomorphism π0 : su(1, 1) → g associated to the holomorphic tight
embedding of a disc into X satisfies π0(Zh0) = Zg and hence λ(π0(Zh0)) = 1.
But |λ(π0(Zh0))| determines the ratio of the pull back of the Ka¨hler form on g
and of the Ka¨hler form on h. Since every other tight Lie group homomorphism
gives the same ratio (see Lemma 3.4), we have that π : H0 → G is tight if and
only if π∗ : h0 → g satisfies |λ(π∗(Zh0)| = 1. Suppose that π∗ : h → g is an
injective Lie algebra homomorphism. Precomposition of π∗ with π0 : h0 → h,
π0(Zh0) = Zh gives an injective Lie algebra homomorphism π∗ ◦ π0 : h0 → g.
This corresponds to a tight homomorphism of the Lie groups SU(1, 1) → G if
and only if 1 = |λ(π∗ ◦ π0(Zh0))| = |λ(π∗(Zh))|. The Lie group homomorphism
π : H → G is by Lemma 1.2 tight if and only if π ◦π0 is tight, hence if and only
if |λ(π∗(Zh))| = 1. 
Remark 4.2. The same result is true, if we do not assume that H and G are
simple, but if we fix a complex structure both on the Hermitian symmetric
space associated to X and to Y , thus element Zg and Zh in the center of kG
respectively in the center of kH .
Remark 4.3. The above criterion applies to tight embeddings of Hermitian
symmetric spaces that are not of tube type. Let f : Y → X be a tight totally
geodesic embedding of Hermitian symmetric space. Then Proposition 3.11 im-
plies that the restriction of f to a maximal subdomain of tube type TY in Y
gives a well-defined totally geodesic tight embedding f|TY : TY → TX into some
maximal subdomain of tube type TX in X. The embedding f is tight if and only
if f|TY is tight. We may now apply the above criterion to the tight embedding
f|TY .
The tigthness criterion fits nicely together with the different types of holo-
morphic totally geodesic embeddings. Recall the following definitions from [82]:
Definition 4.4. Suppose h, g are simple Lie algebras of Hermitian type with
Zh, Zg the elements of the center of the maximal compact Lie subalgebras, which
determine the complex structure. Then a homomorphism π : h → g is said to
be of type
(1) (H1) if ad(π(Zh)) = ad(Zg).
(2) (H2) if π(Zh) = Zg.
(3) (H2′) if π is (H1) and the induced C-linear map Dh → Dg maps the
Shilov boundary into the Shilov boundary.
Corollary 4.5. (of Proposition 3.5) Assume that f : Y → X is a holomorphic
tight embedding with corresponding (H1) Lie algebra homomorphism π : h→ g.
Then π is a (H2′) homomorphism.
Lemma 4.1 together with results of Satake [82, Proposition 10.12] imply
immediatly
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Corollary 4.6. Suppose Y,X are Hermitian symmetric spaces of tube type
and f : Y → X is a holomorphic embedding. Then f is tight if and only
if the corresponding homomorphism of Lie algebras π : h → g is an (H2)-
homomorphism, i.e. π(Zh) = Zg.
4.1. Examples and Counterexamples. We give several examples of
tight embeddings and of embeddings which are not tight in order to illustrate
this class of totally geodesic embeddings.
1) The inclusion Γ < G of a lattice is tight. The bounded cohomology of Γ
is given by the same resolution as for G, thus the norm of the restriction of a
cocycle equals the norm of the cocycle.
2) By Corollary 4.6 all (H2)-holomorphic embeddings are tight embeddings.
There exist such embeddings of all classical groups of tube type into all other
classical groups of tube type provided that the rank conditions are satisfied.
They are described in [78]. An example is the embedding corresponding to the
Lie algebra homomorphism su(n, n)→ sp(4n,R) defined by
g =
(
X11 X2
X∗2 X12
)
→
(
A B
B A
)
,
with
A =
(
X12 0
0 X11
)
B =
(
0 XT2
X2 0
)
.
3) Other examples of tight embeddings are the natural embeddings of max-
imal subdomains of tube type into the non tube type domain, for example
su(n, n)→ su(n,m) with m > n.
4) Interesting non-holomorphic tight embeddings of the disc can be obtained
from the irreducible representations of SL(2,R) into Sp(2n,R).
Proposition 4.7. The homomorphism π : g0 = sl(2,R) → sp(2n,R) which is
induced by the 2n-dimensional irreducible representation of sl(2,R) is tight.
Proof. We only have to determine λ(π(Zg0)), where
π(Zg0) = λ(π(Zg0))Zg+ [k, k].
This can be done by explicit calculations: Let V 2n the vector space of ho-
mogeneous polynomials of degree n in two variables x, y. A basis is given by
(P0, . . . Pm), m = 2n−1, where Pk(x, y) = xm−kyk. The irreducible representa-
tion of sl(2,R) is given by the following action: Let X =
(
a b
c −a
)
∈ sl(2,R),
then
π(X)Pk(x, y) = a(m− 2k)Pk + b(m− k)Pk+1 + ckPk−1.
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This action preserves the skew symmetric bilinear form 〈., .〉 on V , defined by
〈Pk, Pm−k〉 = (−1)k
(m
k
)−1
. Thus this defines the irreducible representation
π : sl(2,R)→ sp(2n,R),
into the Lie algebra of the symplectic group Sp(V, 〈., .〉). The map J defined
by JPk = (−1)kPm−k gives a complex structure on V and is an element in the
center of k ⊂ sp(2n,R). The element Zg := 12J induces the complex structure
on p ⊂ sp(2n,R) via the adjoint action.
The image of the element
Z0 =
1
2
(
0 −1
1 0
)
is given by π(Zg0)Pk =
1
2 ((k − m)Pk+1 + kPk−1). Decomposing π(Zg0) =
λ(π(Zg0))Zg+ [k, k], we have that
Zgπ(Zg0) =
−λ
4
IdV + Zg[k, k].
Since tr(Zg[k, k]) = 0, we have that tr(Zgπ(Zg0)) =
−λ
4 dim(V ). Hence we have
to show that
|tr(Zgπ(Zg0))| =
1
4
dim(V ) =
n
2
= |tr(ZgZg)|.
Now Zgπ(Zg0Pk =
1
4(−1)k+1[(m − k)Pm−k−1 − kPm−k+1]. Thus the diagonal
terms are, for k = n− 1, 14 (−1)n(2n−1−n+1) and, for k = n, 14(−1)nn, hence|tr(Zgπ(Zg0))| = n2 . 
We give also some counterexamples:
Notation. A p× q matrix consisting of a p× p matrix and q− p zero columns
of a q × q matrix and p− q zero lines, will be denoted by (A, 0).
5) Regarding a complex vector space VC of dimension (1 + n) with a Her-
mitian form of signature(1, n) as real vector space VR of dimension (2+n) with
a quadratic form of signature (2, n) provides a natural embedding SU(1, n) →
SO(2, 2n). This embedding CHn → X2,2n is holomorphic but it is not tight.
The image of the tight holomorphic disc(
0 (z, 0)
(z, 0) 0
)
is (
0 (Z, 0)
(ZT , 0) 0
)
with Z =
(
x y
−y x
)
, where x + iy = z but the tight holomorphic disc in
SO(2, 2n) is given by (
0 (A, 0)
(AT , 0) 0
)
,
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where A = Z =
(
a1 b1
0 0
)
.
Since CHn is of rank one, the totally geodesic embedding extends continu-
ously to a map of topological compactifications. The image does not lie in the
Shilov boundary, but in the Ad(K)-orbit of o1.
6) Tightness really depends on the complex structure and cannot be reduced
to the property that the totally geodesic map extends to the Shilov boundary,
which is somehow a real object, as the following example shows:
In SL(4,R) there are two copies of Sp(4,R), which are conjugate. Namely
Sp(4,R)A := {g ∈ SL(4,R) | g∗Jg = J}
Sp(4,R)B := {g ∈ SL(4,R) | g∗J˜g = J˜},
where J =
(
0 Id
−Id 0
)
and J˜ =
(
0 Λ
−Λ 0
)
with Λ =
(
0 1
1 0
)
. The element s =(
Id 0
0 Λ
)
satisfies J˜ = sJs−1 and thus conjugates s−1Sp(4,R)Bs = Sp(4,R)A.
There are two embeddings iA,B : SL(2,R)→ SL(4,R) namely
iA
((
a b
c d
))
=
(
aId bId
cId dId
)
and
iB
((
a b
c d
))
=
(
aId bΛ
cΛ dId
)
.
These two embeddings are conjugate by s. The image of SL(2,R) under these
two embeddings lie in Sp(4,R)A ∩ Sp(4,R)B . The embedding iA is tight with
respect to Sp(4,R)A and totally real with respect to Sp(4,R)B , whereas the
embedding iB is tight with respect to Sp(4,R)B and totally real with respect
to Sp(4,R)A.
The boundary S1 of D is mapped under both embeddings into the Shilov
boundaries SˇA respectively SˇB.
This example can now easily be extended to Sp(2n,R) giving totally geo-
desic embeddings of the disc D which which are not tight, neither holomorphic
nor totally real, but extend to the Shilov boundary.
Note that the totally real embeddings described above extend to embeddings
of SL(2,C) whereas the tight embeddings extend to embeddings of SO(2, 2) into
Sp(4,R) .
5. Classification of tight embeddings
The holomorphic homomorphisms π : sl(2,R) → g have been classified by
their multiplicities (see [82]). In general tight homomorphisms π : sl(2,R) →
g are not holomorphic. We consider the smallest holomorphically embedded
totally geodesic subspace containing the image of a tight embedding.
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5.1. Hermitian hull. We introduce the notion of the Hermitian hull for
a subset of a Hermitian symmetric space.
Definition 5.1. Let X be a Hermitian symmetric space of noncompact type.
The Hermitian hull of a subset V ⊂ X is the smallest sub-Hermitian symmetric
space Y ⊂ X, such that V ⊂ Y .
Lemma 5.2. The Hermitian hull H(V ) of V ⊂ X is well-defined.
Proof. Since V ⊂ X and X is a sub-Hermitian symmetric space of X,
it remains to prove that there is a unique smallest sub-Hermitian symmetric
space Y ⊂ X containing V .
Assume there were two such subspaces Y, Y ′ with V ⊂ Y , V ⊂ Y ′. Then
V ⊂ Y ∩ Y ′. But since Y, Y ′ are totally geodesic submanifolds in X, i.e. every
geodesic in Y respectively in Y ′ is a geodesic in X, the intersection Y ∩ Y ′
is a totally geodesic submanifold, hence a subsymmetric space. Because Y, Y ′
are holomorphically embedded, i.e. for any v ∈ TpY , Jv ∈ TpY , where J
denotes the complex structure of X, the intersection Y ∩ Y ′ is holomorphically
embedded, and is therefore a sub-Hermitian symmetric space. The minimality
of Y and Y ′ forces now Y = Y ∩ Y ′ = Y ′. 
An immediate consequence of Proposition 3.11 is the following
Corollary 5.3. Let Y be a Hermitian symmetric space of tube type. Suppose
that f : Y → X is a tight embedding. Then H(f) is of tube type.
Remark 5.4. For a totally geodesic embedding f : Y → X of Hermitian sym-
metric spaces we call H(f) = H(f(Y )) the Hermitian hull of f . The embedding
f is holomorphic iff H(f) = f(Y ).
The following Lemma is immediate from the definitions.
Lemma 5.5. Assume that f : Y → X is a tight totally geodesic embedding.
Then the map i : H(f)→ X is a tight holomorphic totally geodesic embedding.
Lemma 5.6. Suppose X is an irreducible Hermitian symmetric space of tube
type, H = Is(Y )◦, G = Is(X)◦ and π : H → G is a k-tight homomorphism.
Denote by f the induced totally geodesic embedding f : Y → X, by W = H(f)
the Hermitian hull of f , by L = Is(W )◦ be the corresponding subgroup of G
and by l its Lie algebra.
Then
• the center of kl contains an element Zl defining the complex structure
on W such that Zg = Zl.
• the corresponding central element ZG of the maximal compact sub-
group K < G is contained in the center of a maximal compact sub-
group of L.
Proof. The embedding W → X is tight and holomorphic, therefore the
corresponding Lie algebra homomorphism is (H2). Lemma 4.6 implies that
under the identity homomorphism which embeds l as Lie subalgebra into g,
the element Zl determined by the holomorphic tight embedding of a disc is
identified with Zg.
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Taking the exponential map implies the corresponding claim on the level of the
associated Lie groups. 
Corollary 5.7. Suppose X is of tube type, f : Y → X is a tight totally
geodesic embedding induced by a tight homomorphism π : H → G. Suppose
W is a symmetric subspace of X containing f(Y ). Then the following are
equivalent:
• W = H(f)
• l = 〈π(h), Zg〉
• L = Is(W )◦ = π(H) · ZG
Proof. Assume that W = H(f). The previous Lemma implies that Zg ∈ l
and by minimality l = 〈πh, Zg〉. Taking the exponential map gives L = π(H) ·
ZG. On the other hand the inclusion l→ g is an (H2)-homomorphism, therefore
the symmetric subspaceW associated to L is clearly holomorphically embedded
into X and it contains the image of f . Since the Lie algebra homomorphism
associated to any other holomorphically embedded symmetric spaceW ′ contain-
ing the image of f must be a (H2)-homomorphism (Corollary 4.6), it follows
that W ⊂W ′ for all such W ′, hence W = H(f).

Remark 5.8. These characterizations of the Hermitian hull are not true if X is
not of tube type. Consider for example the canonical embedding of su(p, p)→
su(p, q). It is holomorphic and tight, but Zp,p /∈ 〈Zp,q〉.
The above Corollary allows us to speak of the Hermitian hullH(π) of a tight
homomorphism π of Lie groups or of Lie algebras if the target group/algebra
is associated to a symmetric space of tube type.
Corollary 5.9. Suppose G is the connected component of the isometry group
of a Hermitian symmetric space of tube type and π : H → G a tight injective
homomorphism. Then H(π) < L := ZentG(ZentG(π(H)).
Furthermore ZentG(π(H)) = ZentG(H(π)).
Proof. According to Corollary 5.7, H(π) is the subgroup of G generated
by π(H) and ZG. By definition of L we have π(H) < L. By Proposition 3.9 we
have ZentG(π(H)) < KG, therefore ZG, which is in the center of KG, commutes
with each element of ZentG(π(H)). This proves the first claim.
For the second claim we have to prove that ZentG(π(H)) ⊂ ZentG(H(π)).
The other inclusion ZentG(H(π)) ⊂ ZentG(π(H)) is trivial since π(H) ⊂ H(π).
But now ZentG(H(π)) = ZentG(π(H))∩ZentG(ZG) = ZentG(π(H))∩KG, Since
ZentG(π(H)) ⊂ KG, we obtain the desired inclusion. 
5.2. Irreducibility.
Definition 5.10. Let g be of tube type. A tight homomorphism π : h → g is
called Hermitian irreducible if g = H(π(h)).
Lemma 5.11. Let g be a simple Lie algebra of tube type. Suppose π : sl(2,R)→
g is a tight Hermitian irreducible homomorphism. Then g = sp(2n,R) and the
representation π : sl(2,R)→ g is irreducible.
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The following proof uses the notion of semiprincipal subalgebras and of Satake
diagrams. The reader who is not familar with these concepts is advised to read
the corresponding section of the Appendix before reading the proof.
Proof. By Corollary 5.7 we have g = 〈π(sl(2,R)), Zg〉. The complexifica-
tion of the representation πC : sl(2,C) → gC satisfies g = 〈πC(sl(2,C)), Zg〉 =
gC. Since Zg does not lie in the centralizer of h := πC(sl(2,C)), the centralizer
of h in gC is trivial. Thus h is a semiprincipal three dimensional simple subal-
gebra in gC. These subalgebras were classified by Dynkin (see [30, 88] and the
Appendix).
We make a case by case consideration:
1) When g = sp(2n,R), we have gC = sp(2n,C) and the semiprincipal subalge-
bra h is given by the irreducible representation of sl(2,C)→ sp(2n,C).
2) Assume that g = su(n, n), then gC = sl(2n,C). In this case, the semiprinci-
pal three dimensional simple subalgebra is principal and given by the irreducible
representation of sl(2,C). Since the dimension is 2n this irreducible represen-
tation is always contained in sp(2n,C). Thus with Zsu(n,n) = Zsp(2n,R), we have
g =< π(sl(2,R)), Zg >= sp(2n,R) and the representation is irreducible.
3) In the case where g = so(2, 2n − 1), then gC = so(2n + 1,C) with h being
a principal three dimensional subalgebra defined by the irreducible representa-
tion of sl(2,C). But any real irreducible representation of sl(2,R) contained in
so(2, 2n − 1) is contained either in so(2, 3) ∼= sp(4,R) or so(2, 1) ∼= sp(2,R).
The remaining cases are more subtle, since there are semiprincipal three
dimensional subalgebras which are not principal.
4) Assume that g is so(2, 2(n− 1)) or so∗(2n). Recall how the Satake diagrams
of these Lie algebras look like. The Satake diagram of so(2, 2(n − 1)) is:
The Satake diagram for so∗(2n) is:
Since the subalgebra h is the image of the complexification of a represen-
tation of sl(2,R) into g, the image of the characteristic element h is contained
in the root spaces corresponding to the white circles in the respective Satake
diagram. In particular h cannot be a principal three dimensional subalgebra,
since the characteristic element of the principal three dimensional subalgebra
is given by the Dynkin diagram with all nodes being white. On the other
hand, the characterstic elements of the semiprincipal three dimensional subal-
gebras of so(2n,C) are given by the following diagrams with k black circles,
k = 1, . . . [n−22 ]:
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Comparing this to the Satake diagrams, we see that h is not a semiprincipal
three dimensional subalgebra of so(2n,C). Therefore g cannot be so(2, 2(n−1))
or so∗(2n).
5) The Satake diagram of eV II looks like:
As before, since the subalgebra h is the image of a complexification of a
representation of sl(2,R) into g, the image of the characteristic element h is
contained in the root spaces corresponding to the white circles in the Satake
diagram. Thus h cannot be the principal three dimensional subalgebra. The
characterstic element of the semiprincipal three dimensional subalgebras of e7
are given by the following diagrams:
Thus the subalgebra h cannot be a semiprincipal subalgebra of e7, and hence g
cannot be eV II .
Hence we obtain the result: g = sp(2n,R) and π : sl(2,R) → g is given by
the irreducible representation of sl(2,R). 
Corollary 5.12. If π : sl(2,R) → g is Hermitian irreducible and H(π) simple
then π is unique up to conjugacy.
Proof. This follows from Lemma 5.11 since there is up to equivalence only
one irreducible representation of sl(2,R) in each dimension. 
Proposition 5.13. Let π : sl(2,R) → g be a tight homomorphism. Then
H(π) = ⊕ki=1sp(2ni,R), with
∑k
i=1 ni ≤ rankR(g).
Proof. The Hermitian hull H(π) is a semisimple Lie algebra of Hermitian
type, H(π) = ⊕ni=1gi, where all gi are of tube type. The representations πi :
sl(2,R) → gi are again tight homomorphisms and gi = H(πi). Therefore by
Lemma 5.11, gi = sp(2ni,R). 
As Corollary we obtain
Theorem 5.14. Suppose that X is a Hermitian symmetric space of noncompact
type and f : D→ X is a tight totally geodesic embedding. Then the Hermitian
hull H(f) = Πki=1Yi is a product of Hermitian symmetric subspaces Yi of X,
where Yi are Hermitian symmetric spaces associated to the symplectic groups
Sp(2ni,R). Moreover,
∑k
i=1 ni ≤ rX .
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Proof. This is the analog of Proposition 5.13 for the totally geodesic em-
beddings associated to the Lie algebra homomorphism. 
5.3. Obstructions to tight embeddings. Assume that X,Y are of tube
type.
5.3.1. Numerical obstructions. A tight embedding f : Y → X satisfies
f∗βX = rXrY βY . On the other hand the set of values of βX is rX , rX−2, . . . ,−rX ,
whereas the set of values of βY is rY , rY −2, . . . ,−rY . Thus we get that rXrY ∈ Z
is a necessary condition for the existence of a tight embedding f : Y → X.
5.3.2. Holomorphic tight embeddings. Since holomorphic tight embeddings
correspond to (H2)-homomorphisms, they have been completely classified by
Satake and Ihara, see [79, 80, 81, 56, 55, 57].
This gives also restrictions to the existence of tight embeddings since the
Hermitian hull of the restriction of a tight embedding of both, a tight holomor-
phic disc and an irreducible tight disc in Y , are Hermitian symmetric spaces
associated to Sp(2n,R), for different n′s, which are tight holomorphic and to-
tally geodesic subspaces of X.
6. Open questions
6.1. Compact dual. The criteria for tightness, which we have formulated
on the level of Lie algebra homomorphisms, makes also sense for Lie algebra
homomorphisms of the Lie algebra corresponding to the compact dual Hermit-
ian symmetric space. By the duality of compact and noncompact symmetric
spaces every tight totally geodesic embedding of a Hermitian symmetric space
of noncompact type into a Hermitian symmetric space of noncompact type cor-
responds to a totally geodesic embedding of the compact duals. It seems to be
of some interest to understand the properties of this class of totally geodesic
embeddings in terms of the geometry of compact Hermitian symmetric spaces.
6.2. Tight embeddings with respect to other classes. As we already
pointed out, the definition of a tight embedding can be extended to the defini-
tion of α-tightness for any bounded cohomology class α. Unfortunately there
are not many bounded cohomology classes that are well understood. To get
informations about tight homomorphisms with respect to the bounded Ka¨hler
class we made not only use of the boundedness of this class, but of a geometric
characterization of the corresponding maximal triples. An example of a tight
homomorphism is studied by Soma [84, 85]. He considers hyperbolic three-
manifolds, thus representations into PSL(2,C) and proves rigidity results for
representations which are tight with respect to the bounded cohomology class
defined by the volume form on H3.
Since the classes in H∗cb(G,R) corresponding to characteristic classes of flat
G-bundles are known to be bounded [46, 12], these would be the first candi-
dates for which one might study tight embeddings. We mention some classes
that could be interesting:
1) Quaternionic hyperbolic space: The volume form of the quaternionic hyper-
bolic line corresponds to the first Pontrjagin class. Calibrations with respect
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to this class where studied e.g. in [3]. One might expect that one could obtain
rigidity results for respresentations in to the isometry group of quaternionic
hyperbolic space.
2) Polylogarithms: Goncharov proves a trilogarithm identity [44], which shows
that the Borel class in H5c(SL(3,C),C) is bounded. Gelfand and MacPherson
define [36] a class of generalized simplices in Grassmannian manifolds and relate
these simplices to certain polylogarithms and to certain characteristic classes.
3) Finkelberg gives an explicit bounded representative for a 4-cocycle on O(n, n)
in [34].
4) The Euler class defined a bounded cohomology class in Hncb(SL(n,R),R) for
n even. A quite explicit respresentative is given by Turaev and Ivanov [59].
6.3. Calibrations. Notice the similarity of the classification of holomor-
phic embeddings of the disc, done by Satake [82] and our classification of tight
embeddings of the disc. This suggests that tight embeddings could be a bounded
cohomological avatar of calibrations. Similar to calibrations, tight embeddings
are defined by considering the equality case of an inequality. And similar to
the problem in the study of calibrations, where one has to compute the comass,
here one encounters the problem of computing the sup norm of the bounded
cohomology class respectively a cocycle representing it.
6.4. Tight mappings. Instead of totally geodesic embeddings we might
study tight embeddings of quotients , i.e. of locally Hermitian symmetric spaces
or even more generally immersion or even more general maps into Hermitian
symmetric spaces or their quotients. This question seems to be related to work
of Mok and Eyssidieux and of Clozel and Ullmo on holomorphic subvarieties of
locally Hermitian symmetric spaces.

CHAPTER 7
Group actions on Hermitian symmetric spaces
The results about Hermitian symmetric spaces and tight embeddings may
be used to study isometric actions of finitely generated groups Γ on Hermitian
symmetric spaces X. An action of a group Γ on X by isometries is given by a
homomorphism
ρ : Γ→ G = Is(X)◦.
Let G be a noncompact connected simple Lie group of Hermitian type, i.e. the
associated symmetric space X = G/K is an irreducible Hermitian symmetric
space of noncompact type. Let Γ be a finitely generated group. We denote by
kbX ∈ H2cb(G) the (normalized) bounded Ka¨hler class.
Given a representation ρ : Γ→ G, the canonical pull-back map in bounded
continuous cohomology ρ∗b : H
∗
cb(G) → H∗b(Γ) defines an invariant with values
in the second bounded cohomology group of Γ, called bounded Ka¨hler class of
ρ:
ρ∗b(k
b
X) ∈ H2b(Γ).
We already used this invariant to define tight embeddings. Now we use it
to study representations of finitely generated groups Γ.
1. Zariski dense representations
Let G be a connected simple Lie group with finite center such that the
associated Hermitian symmetric space X is not of tube type. Furthermore we
let Γ denote a finitely generated group. An action of Γ by isometries on X
which does not leave a proper closed subspace of X invariant is completely
determined by the bounded Ka¨hler class of its representation. This has been
proven in [15] in the case where G is isomorphic to SU(p, q), p 6= q. With the
characterization of non-tube type Hermitian symmetric spaces (see Chapter 4)
and the construction of the Hermitian triple product (see Chapter 5) we obtain
the generalization of the results in [15] to arbitrary simple Lie groups G which
are not of tube type. These include groups locally isomorphic to SU(p, q), p 6= q,
to SO∗(4k + 2) and EIII .
Theorem 1.1. Let ρ : Γ → G be a representation with Zariski dense image.
Then
(1) ρ∗(kbX) 6= 0.
(2) ρ∗(kbX) determines ρ up to G-conjugacy.
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Corollary 1.2. If dimH2b(Γ) < ∞ then there are up to equivalence only
finitely many Zariski dense representations ρ : Γ → G. In particular, if
H2b(Γ) = 0, there are no Zariski dense representations of Γ into G.
Remark 1.3. The results admit a slightly stronger formulation that can be
found in [15].
Most of the arguments of [15, § 5 and § 7] for G = PSU(p, q) apply to the
general case. Note that we encounter two difficulties as soon as the rank of X
is rX ≥ 2. First, the Bergmann cocycle is not defined on the doubly ergodic
Furstenberg boundary G/P , but only on G/Q, where Q is a maximal parabolic
subgroup and hence is not amenable. Second, the cocycle is not a strict cocycle
since it is only defined on triples of pairwise transverse points. We can surpass
these difficulties using the arguments of [15, § 5]. For convenience we recall the
main steps of the proof.
1.1. The boundary map. An important step is the construction of the
boundary map. We have already realized the bounded Ka¨hler class kbX ∈
H2cb(G) by a class [βD] ∈ H∗(B∞alt(Sˇ(∗+1))G) defined by the Bergmann cocy-
cle β : Sˇ(3) → R. We would like to realize the bounded Ka¨hler invariant as
pull-back of this Bergmann cocycle via a suitable boundary map.
Let (S, ν) be a doubly ergodic Poisson boundary for Γ (for the construction
of this boundary for a finitely generated group Γ see for example [19, 15]). Let
P be a minimal parabolic subgroup of G.
Proposition 1.4. [15, Proposition 6.2] There exists a measurable ρ-equivariant
map ϕ : (S, ν) → G/P . Furthermore, for ν-almost every (x, y) ∈ S the image
points are transverse, i.e. (ϕ(x), ϕ(y)) ∈ B ⊂ G/P ×G/P .
Proof. Since the actions of Γ on S and of G on G/P are amenable, there
exists a measurable ρ-equivariant map
ψ : S →M1(G/P ).
Due to the Zariski density of ρ(Γ) the map ϕ takes values in the space of Dirac
measures (see [15, Theorem 6.2]), which we identify with G/P ⊂M1(G/P ).
It remains to prove the transversality condition. For a tuple (z1, z2) ∈
G/P ×G/P let codim(z1, z2) denote the codimension of the cell of the Bruhat
decomposition of G/P ×G/P containing (z1, z2). Then codim(z1, z2) = 0 if and
only if z1 and z2 are transverse. Consider the equivariant bounded measurable
map
S × S → N, (s1, s2) 7→ codim(ϕ(s1), ϕ(s2)).
Since Γ acts ergodically on S × S this map is essentially constant. If it is zero,
then the map ϕ satisfies the transversality condition. Assume therefore that it
is nonzero. Define nt(z) := {w ∈ G/P |w is not transverse to z}. Then nt(z)
is a proper Zariski closed subset of G/P . For almost all s1 ∈ S we have that
ϕ(s2) ∈ nt(ϕ(s1)) for almost all s2 ∈ S. Fix one such s1. The essential image
EssIm(ϕ) ⊂ G/P is a closed and ρ(Γ)-invariant subset of Sˇ. Assuming that
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codim(·, ·) is essentially constant and nonzero, it follows
EssIm(ϕ) ⊂
⋂
γ∈Γ
ρ(γ)nt(ϕ(s1)) =: L ⊂ G/P.
But L is a ρ(Γ)-invariant proper Zariski closed subset of G/P . This is a con-
tradiction to the Zariski density of ρ(Γ). Thus the map codim(·, ·) is essentially
the zero mapping and ϕ : S → G/P satisfies the transversality condition. 
Since transversality is preserved under the natural projection G/P → G/Q,
the induced map ϕ : S → G/Q = Sˇ also satisfies the transversality condition.
This is the map we are going to use to implement the pull-back. Since ϕ maps
almost all x, y, z ∈ S to a triple in Sˇ(3), the pull-back of the Bergmann cocyle βD
via ϕ is well-defined and defines a measurable Γ-invariant alternating essentially
bounded cocycle ϕ∗β : (S)3 → R.
Denote by ZL∞alt((S)3)Γ the space of measurable Γ-invariant alternating es-
sentially bounded cocycles on (S)3. Then there is an isomorphism H2b(Γ,R) ≃
ZL∞alt((S)3)Γ (see Propsition 2.7 in Chapter 1) . The pull-back ϕ∗β ∈ ZL∞alt((S)3)Γ
of the Bergmann cocycle via ϕ is related to the pull-back ρ∗kbX ∈ H2b(Γ,R).
Lemma 1.5. [15, Theorem 8.1.] The cocycle ϕ∗β corresponds to ρ∗kbX under
the canoncical isomorphism H2b(Γ,R) ≃ ZL∞alt((S)3)Γ.
1.2. The proof of Theorem 1.1.
Proof. The main geometric ingredient in the proof is the different be-
haviour of the Bergmann cocycle respectively the Hermitian triple product
with respect to tube type and non-tube type domains, see Proposition 1.6 and
Lemma 4.5 in Chapter 5. Since we are going to apply arguments from Zariski
topology, the algebraic realization of the cocycle given by the Hermitian triple
product is crucial.
Let ρi : Γ → G, i = 1, . . . , k be representations with Zariski dense image.
Assume that there exists mi ∈ Z\{0} such that
∑k
i=1miρ
∗
i (k
X
b ) = 0. Let
ϕi : S → Sˇ = G/Q(R)
be the corresponding ρi-equivariant boundary maps. For almost all x1, x2, x3
we have that
(ϕi(x1), ϕi(x2), ϕi(x3)) ∈G/Q(R)(3)
and
Πki=1HTPC(ϕi(x1), ϕi(x2), ϕi(x3))
mi = [1] ∈ C×\A×.
Consider the representation
ρ = (ρ1, . . . , ρk) : Γ→ Πki=1Gi, γ 7→ (ρi(γ))i=1...k,
where Gi =G for all i and the ρ-equivariant measurable map
ϕ : S → Πki=1G/Q(R), s 7→ (ϕi(s))i=1...k.
LetH = ρ(Γ)
Z
be the Zariski closure of ρ(Γ) in Πki=1Gi. The essential image
EssIm(ϕ) is a closed ρ(Γ)-invariant subset of Πki=1G/Q(R). Fixing x1, x2 ∈ S
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such that the above equality for the Hermitian triple product holds for almost
all x3, we define Pi := Pϕi(x1),ϕi(x2) and Bi := Bϕi(x1),ϕi(x2), B = Πki=1Bi.
Then
EssIm(ϕ) ∩ B ⊂ {(z1, . . . , zk) ∈ B |Πki=1Pmii = [1]} ⊂ Πki=1G/Q(R).
The set L := {(z1, . . . , zk) ∈ B |Πki=1Pmii = [1]} is a proper Zariski closed subset
of B (Lemma 4.5 in Chapter 5). Thus EssIm(ϕ) is contained in a proper Zariski
closed subset of G/Q(R) and the R-algebraic subgroup H is properly contained
in Πki=1Gi.
We can now conclude the statements of the theorem. The situation that
ρ∗(kXb ) = 0 corresponds to k = 1. But then H(R) = ρ(Γ)
Z
(R) is contained in
G as a proper Zariski closed subgroup. This contradicts the Zariski density of
ρ(Γ), thus ρ∗(kXb ) 6= 0
Assuming that there exist two representations with ρ∗1(kXb ) = ρ
∗
2(k
X
b ) cor-
responds to the situation that k = 2, m1 = −m2 = 1. Then pri(H(R)) = G ,
i = 1, 2, since ρi(Γ) is Zariski dense inGi by assumption, but ρ(Γ) is not Zariski
dense in G. Since the groups Gi are simple there exists an isomorphismρ12 :
G1 → G2 defined over R such that ρ2(γ) = ρ12(ρ1(γ)). This isomorphism
induces an isometry T12 : X1 → X2 of the symmetric spaces associated to
Gi ∼= G. This isometry is holomorphic. If not, we would have that 2ρ∗1(kXb ) = 0
contradicting the first statement of Theorem 1.1. 
2. Limit sets in the Shilov boundary
Let X be a Hermitian symmetric space and G = Is◦(X) the connected com-
ponent of its isometry group. Let Γ < G be a (discrete) group. We may identify
G with the automorphism group Aut(D) of its Harish-Chandra realization D.
Define the topological limit set Lt(Γ, x) ⊂ ∂D in the topological boundary
of the Harish-Chandra realization D of X by taking the topological closure in
CN of the Γ-orbit of a point x ∈ D, Γxt. The topological limit set
Lt(Γ, x) = Γx
t ∩ ∂D
depends on the base point.
Definition 2.1. The topological Shilov limit set Lt(Γ) is defined to be
Lt(Γ) = Lt(Γ, x) ∩ Sˇ, x ∈ D.
Lemma 2.2. The topological Shilov limit set Lt(Γ) is independent of the base
point x ∈ X.
Proof. Let (γn)n∈N ⊂ Γ such that xn = γnx → ξ ∈ Lt(Γ, x) for n → ∞.
Let y ∈ D and consider yn = γny. Since γn acts by isometries d(xn, yn) =
d(x, y), which is bounded. Hence by Lemma 3.7 of Chapter 3. ξ = limn→∞ xn
and η := limn→∞ yn lie in the same boundary component. But since ξ ∈ Sˇ its
boundary component is one point, hence η = ξ. 
Recall the definition of the Benoist limit set of Γ in G/Pθ from [2].
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Definition 2.3. The Benoist limit set Λθ(Γ) ⊂ G/Pθ of Γ < G is the set
of all points ξ ∈ G/Pθ for which there exists a sequence (γn) ⊂ Γ such that
limn→∞(γn)∗νθ = δξ, where δξ is the Dirac measure of ξ and νθ the unique
K-invariant probablility measure on G/Pθ .
Proposition 2.4. [2, Lemme 3.6] Let Γ be a Zariski dense subgroup of G.
Then
(1) Λθ(Γ) ⊂ G/Pθ is Zariski dense.
(2) Every (nonempty) closed Γ-invariant subset F ⊂ G/Pθ contains Λθ(Γ).
The action of Γ on Λθ(Γ) is minimal, Λθ(Γ) has no isolated points and
either Λθ(Γ) = G/Pθ or Λθ(Γ) has empty interior.
The topological Shilov limit set is related to the Benoist limit set. Recall
that there is an isomorphism of the topological compactification D with the
θr-Satake-Furstenberg compactification. From this we get
Lemma 2.5. The topological Shilov limit set Lt(Γ) and the Benoist limit set
Λθr(Γ) coincide.
Proof. The isomomorphism of the topological compactification of X by D
with the θr-Furstenberg compactification identifies the Shilov boundary Sˇ ⊂ ∂D
with the space of Dirac measure on G/Pθr . We work with the θr-Furstenberg
compactification. Let ξ ∈ Lt(Γ) be a point in the Shilov limit set then, by
definition of the θr-Furstenberg compactification, there exists a sequence γn ∈ Γ
such that γn0 → ξ ∈ Sˇ in D. Therefore (γn)∗νθr → δξ ∈ M(G/Pθr ), hence
ξ ∈ Λθr(Γ). On the other hand, suppose that ξ ∈ Λθr(Γ), then there exists a
sequence γn ∈ Γ with (γn)∗νθr → δξ ∈ M(G/Pθr ), hence γn0→ ξ ∈ Sˇ. 
Lemma 2.6. Assume that ρ : Γ → G is Zariski dense and discrete. Then the
essential image of the boundary map ϕ :M → G/P coincides with the Benoist
limit set Λ∅(Γ).
Proof. The essential image of ϕ is a closed Γ-invariant subset of G/P . By
[2, Lemme 3.6.] it therefore contains Λ∅(Γ). On the other hand, the essential
image is itself minimal, so they coincide. 
Corollary 2.7. If ρ : Γ→ G is tight and discrete then the topological Shilov
limit set Lt(ρ(Γ)) is a nonempty, closed, connected, ρ(Γ)-minimal subset of Sˇ.
Proof. The assertions for Zariski dense representation are proven in [2,
Lemme 3.6.]. The topological Shilov limit set Lt(ρ(Γ)) is the image of the
topological Shilov limit set of ρ(Γ) in the Shilov boundary of the Hermitian
symmetric space associated to the connected component of the Zariski closure
L = ρ(Γ)
Z
(R)0 under the extension of the tight totally geodesic embedding
associated to L→ G. 
3. Structure of the representation variety
We recall some structures of the space of homomorphism Hom(Γ, G). For
proofs see [39, 42]. Let Γ be a finitely generated group and G the adjoint group
of a semisimple real Lie algebra. Then, as already mentioned, G inherits an
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algebraic structure. We consider the space of all homomorphisms Hom(Γ, G)
equipped with the compact open topology. Then a sequence of homomorphism
ρi ∈ Hom(Γ, G) converges to ρ if and only if ρi(γ)→ ρ(γ) for all γ ∈ Γ. In par-
ticular, convergence can be checked on a set of generators of Γ. Choosing a set of
generators {γ1, . . . , γn} of Γ, the set Hom(Γ, G) may be equipped with an alge-
braic structure, which is induced from the algebraic structure from G. Namely,
a homomorphism ρ is determined by prescribing n elements g1, . . . , gn ∈ G,
such that ρ(γi) = gi for all i = 1, . . . , n. This gives an embedding
Hom(Γ, G)→ Gn,
where the latter carries the algebraic structure coming from G.
The relations R of Γ define polynomial equations P in Gn And we may
identify Hom(Γ, G) with Gn/P. The set Hom(Γ, G) with the algebraic structure
induced from this identification is called representation variety and is denoted
by
R(Γ, G) := Gn/P.
The group G acts by conjugation on R(Γ, G), (gρ)(γ) := g−1ρ(γ)g. The
quotient
X (Γ, G) := R(Γ, G)/G
is called character variety.
This action of G on R(Γ, G) is in general not proper but we may define the
subset of nonparabolic representations Rnp(Γ, G) as the set of representations
ρ, such that ρ(Γ) has no fixed point in the geometric boundary of the symmetric
space X associated to G. This is equivalent to requiring that the Zariski closure
of the image of Γ is a reductive subgroup (see [60]). The subset Rnp(Γ, G) ⊂
R(Γ, G) is open. The action of G on Rnp(Γ, G) is proper and the quotient
Xnp(Γ, G) = Rnp(Γ, G)/G
is a separated, locally compact space with countable basis.
Define by Rfd(Γ, G) the set of all faithful representations with discrete
image. If Γ does not contain a normal abelian subgroup of finite index, the
subset Rfd(Γ, G) ⊂ R(Γ, G) is closed (see [42]). In particular, the subset of the
character variety
Xnp,fd := (Rnp(Γ, G) ∩Rfd(Γ, G))/G
is a separated, locally compact space with countable basis.
The action of G on R(Γ, G) is part of an action of Aut(Γ)×G on R(Γ, G),
defined by
((ϕ, g)ρ)(γ) = g−1ρ(ϕ(γ))g.
The action of the inner automorphisms Inn(Γ) is absorbed by the action of
G, thus on X (Γ, G) the action reduces to the action of the group of outer
automorphism Out(Γ). This action preserves Xnp(Γ, G) and Xnp,fd.
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3.1. Representations and non tube type. Let G be a simple Lie group
of Hermitian type, which is not of tube type. Denoting by XZd(Γ, G) the
equivalence classes of Zariski dense representations in the character variety, we
obtain from Theorem 1.1 an injective map
K : XZd(Γ, G)→ H2b(Γ).
In particular, if H2b(Γ) = 0, there are no representations of Γ into G having
Zariski dense image.
Remark 3.1. This is not true for representations into Lie groups G that are of
tube type. We will later see, that there are for example many different Zariski
dense representations of surface groups into Lie groups of tube type, which have
all the same bounded Ka¨hler invariant.
3.2. Tight representations. Let G be a connected semisimple Lie group
of Hermitian type. Assume that the representation ρ : Γ→ G is tight, i.e.
||ρ∗b(kbX)|| = ||kbX ||.
Define the subset consisting of tight representations in the representation
variety
Rt(Γ, G) := {ρ ∈ R(Γ, G) | ||ρ∗b (kbX)|| = ||kbX ||}.
As a consequence of Theorem 3.10 of Chapter 6 we obtain that the set of
tight representations conists entirely of non parabolic representations.
Corollary 3.2.
Rt(Γ, G) ⊂ Rnp(Γ, G).
On Rt(Γ, G) we obtain two different (not necessarily algebraic) stratifi-
cations. The first one by considering the subsets Rt(Γ, G1), where G1 =
ZentG(ZentG(ρ(Γ))). The other by considering subsets Rt(Γ,H1), where H1 =
H(ρ) is the Hermitian hull of ρ. Since the centralizer in G of the image of
a tight representation coincides with the centralizer of its Hermitian hull, the
stratification by the Hermitian hull is finer than the stratification of R(Γ, G)
by G1 = ZentG(ZentG(ρ(Γ))).

CHAPTER 8
Representations of surface groups
We now focus on representations of surface groups. Combining the results
on Zariski dense and tight representations with further techniques from bounded
cohomology, we are able to obtain geometric information about a certain class
of representations of surface groups ρ : Γg → G, g ≥ 2 into semisimple Lie
groups of Hermitian type.
1. The Toledo invariant
Let G be a connected semisimple Lie group with finite center and associated
Hermitian symmetric space X. Let Γg = π1(Σg) be the fundamental group of
a closed orientable Riemann surface and
ρ : Γg → G
be a representation. Then ρ induces a canonical pull-back map
ρ∗b : H
∗
cb(G,R)→ H∗b(Γg,R)
in (continuous) bounded cohomology, which fits into the commutative diagram
H∗cb(G,R)
κ

ρ∗
b // H∗b(Γg,R)
κ

H∗c(G,R)
ρ∗ // H∗(Γg,R),
where κ denotes the natural comparison map between bounded and usual co-
homology. Given any class α ∈ H2cb(G,R), we can evaluate the pull-back
ρ∗b(α) ∈ H2b(Γg,R) on the fundamental class [Σg] ∈ Hl12 (Γg,R), given in terms of
the presentation Γg = 〈ai, bi |Πgi=1[ai, bi] = e〉 (see [39, 11]). This defines the
generalized Toledo invariant:
Tol : Hom(Γg, G) × H2cb(G,R) −→ R
Tol(ρ, α) = 〈ρ∗b(α), [Σg ]〉.
Let kbX ∈ H2cb(G,R) be the (normalized) bounded Ka¨hler class of G, which
is defined by the bounded G-invariant 2-cocycle
cG(g1, g2, g3) =
∫
∆(g1x,g2x,g3x)
ωX , x ∈ X
obtained by integrating the Ka¨hler form ωX ∈ Ω2(X)G of the normalized
Bergmann kernel over geodesic triangles ∆(g1x, g2x, g3x). Then we recover the
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classical Toledo invariant as Tol(ρ) = Tol(ρ, kbX). The Toledo invariant satisfies
a Milnor-Wood type inequality
|Tol(ρ, α)| = |〈ρ∗b(α), [Σg ]〉| ≤ ||ρ∗b(α)|||χ(Σ)| ≤ ||α|||χ(Σ)|,
which gives the inequality ([26, 24]): |Tolρ| ≤ 4π(g − 1)rX for the classical
Toledo invariant.
1.1. The Toledo invariant as characteristic number. Suppose that
L → X is a complex Hermitian line bundle on X on which G acts by isomor-
phisms. Let Ω be the curvature form of L. Then Ω is a G-invariant 2-form on
X. In particular Ω defines a Ka¨hler form on X and a corresponding bounded
Ka¨hler class. If X is irreducible, Ω is a multiple of the normalized Ka¨hler form.
Given a representation ρ : Γg → G, there is an (up to homotopy) uniquely
defined ρ-equivariant map f : Σ˜g → X, the developing map of ρ. The pull-back
bundle f∗L→ Σ˜g descends to a Hermitian line bundle Lρ → Σ. The pull-back
f∗Ω is the curvature form of f∗L, hence 12πif
∗Ω descends to a two form ω on
Σ representing the first Chern class of Lρ. In particular
∫
Σ ω = c1(Lρ) ∈ Z.
The Toledo invariant is a constant multiple of
∫
Σ ω, thus Tolρ ∈ λZ for some
λ. The explicit constant depends on the choice of the line bundle and hence
on the group G. For G = PU(1, n) and SU(1, n) the constants are computed
explicitly in [41].
The Toledo invariant is locally constant and thus invariant under deforma-
tions of the representation. In particular, considering the Toledo invariant as
a function on the representation variety Tol : R(Γg, G) → R, respectively on
the character variety Tol : X (Γg, G)→ R, its level sets are unions of connected
components.
1.2. Computing the Toledo invariant. We follow the computation for
the Euler number given by Milnor in [67]. Let
Γg = 〈a1, b1, . . . , ag, bg |Πgi=1[ai, bi] = 1〉
be a presentation of the surface group. Given a representation in terms of the
generators ρ(ai) = Ai ∈ G, ρ(bi) = Bi ∈ G.
A multiple of the Ka¨hler class kX ∈ H2c(G) corresponds to a central exten-
sion
1 // π1(G)
i // G˜
p // G // 1 .
Choose lifts A˜i and B˜i in G˜ with p(Π
g
i=1[A˜i, B˜i]) = 1. Since the extension is
central this expression does not depend on the chosen lifts. Then Πgi=1[A˜i, B˜i]
lies in the image of i and the map Σg 7→ i−1((Πgi=1[A˜i, B˜i]) ∈ π1(G) corresponds
to ρ∗(kX) ∈ H2(Σg,Z).
2. MAXIMAL REPRESENTATIONS 95
To compute the Toledo invariant in terms of Ai, Bi, we choose a contraction
of G to K and a homotopy of K to S1 to obtain the diagram
π1(G)

i // G˜
r˜

p // G

π1(K)

// K˜
h˜

// K

Z // R
exp // S1
The Toledo invariant is Tolρ is up to a multiple of π equal to − 12π h˜ ◦
r˜(Πgi=1[A˜i, B˜i]) ∈ Z ⊂ R.
2. Maximal representations
Since the Toledo invariant is invariant under deformations, it can be used to
distinguish certain parts of the representation variety which we will characterize
in the following.
Definition 2.1. Let kbX ∈ H2cb(G,R) be the bounded Ka¨hler class. A repre-
sentation ρ : Γg → G is called maximal, if
Tol(ρ, kbX ) = ||kbX || |χ(Σ)|.
A representation ρ : Γg → G is called weakly maximal, if
Tol(ρ, kbX) = ||ρ∗(kbX)|| |χ(Σ)|.
2.1. Examples of maximal representations. 1) Let G = PSU(1, 1). A
uniformization ρ0 : Γg → G is a maximal representation. This follows from the
theorem of Gauß-Bonnet: Let f : Σ˜g → H2 be the developing map of ρ, i.e.
f(Σg) has a hyperbolic metric of sectional curvature K = −1. Then
〈ρ∗(kbX), [Σg]〉 =
∫
Σg
f∗(ω) =
∫
f(Σg)
ω = −
∫
f(Σg)
sec(M) = 2π(2g − 2),
where sec(M) denotes the sectional curvature ofM . There are several examples
of maximal representations into arbitrary G which arise from uniformizations
of Γg in PSU(1, 1).
2) Let h∆ : PSU(1, 1) → G be a homomorphism associated with a tight
holomorphic embedded disc C ⊂ X. Then precomposition of h∆ with a uni-
formization with ρ0 : Γg → PSU(1, 1) gives rise to a maximal representation
ρ = h∆ ◦ ρ0 : Γg → G. The image of Γg preserves the tight holomorphic disc C.
3) The precomposition of a homomorphism hP : SU(1, 1)
r → G, correspond-
ing to a maximal polydisc P ⊂ X, with a product ρ0 = (ρ1, . . . , ρr) : Γg →
PSU(1, 1)r of r different uniformizations of Γg gives rise to a maximal represen-
tation. The image of Γg does not preserve a tight holomorphic disc in X, but
the maximal polydisc P ⊂ X.
4) More generally, given a tight homomorphism h : H → G with h∗(kbX) = ckbY
and ρ0 : Γ → H a maximal representation, then the induced representation
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ρ : Γ→ G is k-maximal.
5) Not all maximal representations factor through a nontrivial tight homo-
morphism as Theorem 4.5 below shows. In particular, there exists maximal
representations into Hermitian symmetric spaces of tube type, which leave no
proper totally geodesic subspace invariant.
2.2. Some history. As explained in the first example, if G = PSL(2,R),
all uniformizations ρ : Γg → G are maximal representations. Goldman has
shown in [38] that uniformizations can be characterized by the property of being
maximal. Namely, given a maximal representation ρ : Γg → G, the action of
Γg via ρ on H
2 is properly discontinuous, cocompact and without fixed points.
This result gives a computable criterion, namely the Toledo invariant, to check
whether a representation comes from a uniformization or not.
The next one who studied maximal representations was Toledo in [87] who
investigated the case where G = PSU(1, n). Maximal representations ρ : Γg →
G essentially reduce to uniformizations. More precisely, suppose that ρ : Γg →
G is a maximal representation. Then there exists a complex hyperbolic line
CH1 ∼= D in CHn, which is stabilized by ρ(Γg). The induced action of Γg on
CH1 ∼= D is, by Goldman’s theorem, properly discontinuous, cocompact and
without fixed points. In particular, the representation ρ : Γg → G factors
as ρ = (ρ1, ρ2) : Γg → G, where ρ1 : Γg → PSU(1, 1) is a uniformization and
ρ2 : Γg → U(n−1) is arbitrary. Examples of representations ρ : Γg → PSU(1, 2),
whith all possible values of the Toledo invariant were constructed in [41]. Some
of these examples are discrete.
The study of maximal representations into Lie groups of Hermitian type that
are of rank greater or equal to two turned out to be more complicated. Partial
results were obtained for Gp,q = PSU(p, q), p ≤ q. Hernandez showed in [52]
that any maximal representation ρ : Γg → G2,q leaves a subspace of tube type
associated to G2,2 invariant. For the general case Gp,q he needed an additional
assumption to prove the same result. Using quite different techniques, namely
Higgs-bundles, Bradlow, Garc´ıa-Prada and Gothen in [10] were able to prove
the generalization of Hernandez’ result to arbitrary p, q under the assumption
that the Zariski closure of the image of the maximal representation is reductive.
As far as we know there were no results known about the geometric proper-
ties of the actions given by maximal representations into higher rank Lie groups
before the work of Burger, Iozzi and Wienhard in [17]. Besides the results an-
nounced in [17] we present also some further results obtained since then.
3. Weakly maximal representations with Zariski dense image
We prove the following
Proposition 3.1. Let G be a connected simple Lie group with associated Her-
mitian symmetric space X of rank rX ≥ 2. Suppose ρ : Γg → G is a weakly
maximal representation with Zariski dense image. Then X is a Hermitian sym-
metric space of tube type on which Γg acts properly discontinuously (via ρ). If
furthermore ρ is maximal, the action of Γg via ρ has no fixed points.
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Remark 3.2. The (strong) maximality is used to prove the faithfulness of the
representation. Probably the injectivity of ρ also holds for weakly maximal rep-
resentations. Nevertheless, we do not have a proof for this and we are not aware
of any nontrivial example of a weakly maximal Zariski dense representation that
is not maximal.
The proof of the Proposition relies heavily on methods developed in [14]
and arguments which were already used in [58] and [15]. We make the same
integration argument as in [58] to impose the weak maximality of the Toledo
invariant on almost all triples.
We assume that Γg is realized as a cocompact lattice in PSU(1, 1) via some
representation π0 : Γg → PSU(1, 1). Thus we may take S1 endowed with the
Lebesgue measure L as a doubly ergodic Poisson boundary for Γg (see [70]).
3.1. The integral formula.
Proposition 3.3. Let ρ : Γg → G be a Zariski dense representation and ϕ :
S1 → Sˇ the associated equivariant measurable boundary map. Then∫
Γg\PSU(1,1)
βD(ϕ(hx), ϕ(hy), ϕ(hz))dh =
Tolρ
2π|χ(Σg)|βD(x, y, z)
for almost every x, y, z ∈ S1.
Proof. The boundary map ϕ : S1 → Sˇ maps almost all x, y, z ∈ S1
to a triple in Sˇ(3). Therefore the pull-back of the Bergmann cocyle βD via
ϕ is well-defined and defines a measurable Γg-invariant alternating essentially
bounded cocycle ϕ∗βD : (S1)3 → R corresponding to ρ∗kbX under the canonical
isomorphism H2b(Γg,R) ≃ ZL∞alt((S1)3)Γg .
Since we realized Γg via π0 as a cocompact lattice in PSU(1, 1), we may
define the map
tb : H
2
b(Γg)→ H2cb(PSU(1, 1))
by integration with respect to a probability measure dh on Γg\PSU(1, 1)
tb(α)(x, y, z) :=
∫
Γg\PSU(1,1)
α(hx, hy, hz)dh.
The same map, denoted by t, can be defined in ordinary cohomology.
Since H2cb(PSU(1, 1)) is one dimensional (see [48]), we obtain that tb(ϕ
∗βD)
is a constant multiple of the Bergmann cocycle βD, i.e. tb(ϕ
∗βD) = λc.
We compute λ using the following commutative diagram:
kbX ∈ H2cb(G)
∼= //
ρ∗

H2c (G)
ρ∗

H2b(Γg)
κ //
tb

H2(Γg)
∼= //
t

H2dR(CH
1/π0(Γg))
RβD = H
2
cb(PSU(1, 1))
∼= // H2c (PSU(1, 1))
∼= // Ω2(X)PSU(1,1)
res
OO
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Under the composition of the isomorphisms of the bottom line with the
restriction map, the class [βD] ∈ H2cb(PSU(1, 1)) is mapped to ω0 = res(ωX) ∈
H2dR(CH
1/π0(Γg)) (see [48]). Since 〈ω0, [Σg]〉 = 2π|χ(Σg)| by Gauß-Bonnet, we
get
Tolρ = 〈ρ∗κbX , [Σg]〉 = λ〈ω0, [Σg]〉 = λ2π|χ(Σg)|.
Hence λ =
Tolρ
2π|χ(Σ)| and∫
Γg\PSU(1,1)
βD(ϕ(hx), ϕ(hy), ϕ(hz))dh =
Tolρ
2π|χ(Σg)|βD(x, y, z).

Proposition 3.3 implies
Corollary 3.4. Let ρ : Γg → G be weakly maximal. For almost all x, y, z ∈ S1
we get ϕ∗βD(x, y, z) = ||ρ∗(kbx)||c(x, y, z), where c is the orientation cocycle on
S1. In particular, if ρ is maximal then ‖ρ∗(kbX)‖ = ‖kbX‖ = πrX and for almost
every x, y, z, we have βD(ϕ(x), ϕ(y), ϕ(z)) = πrX .
Proof. The assumption that Tolρ = 2|χ(Σg)|||ρ∗(kbX)|| implies together
with ||ϕ∗βD|| = ‖ρ∗(kbX )‖ that the above integral equals the maximum value
of the integrand. Thus for almost every x, y, z ∈ S1, βD(ϕ(x), ϕ(y), ϕ(z)) =
‖ρ∗(kbX)‖ 1πβD(x, y, z) = ‖ρ∗(kbX)‖c(x, y, z). 
3.1.1. Putting together the arguments. We need the following dichotomy for
Zariski dense subgroups
Lemma 3.5. Let G be a simple Lie group and Γ < G a Zariski dense subgroup.
Then Γ is either dense or discrete.
Proof. Let H = Γ
◦
< G be the connected component of the closure of
Γ in the Lie group topology. By Cartan’s theorem, H is a Lie subgroup of
G. Consider the adjoint action of G on g. Let h ⊂ g be the Lie algebra of H.
Then h is Ad(Γ)-invariant, and by the Zariski density of Γ it is Ad(G)-invariant.
Hence h = 0 or h = g, since G is simple. The first case implies H = {1} and
the second case H = G. 
Proof. (of Proposition 3.1 for weakly maximal representations) Assume
that ρ : Γg → G is a weakly maximal representation with Zariski dense im-
age. From Corollary 3.4 we obtain that for almost all x, y, z ∈ S1 the cocycle
ϕ∗β(x, y, z) = ||ρ∗(kbX)||c(x, y, z) is a constant multiple of the orientation cocy-
cle c on S1. Assume that X is not of tube type. Then, fixing x, y ∈ S1, we
have with the notation of Lemma 4.5 in Chapter 5 that
Ess Imϕ ∩ Bϕ(x),ϕ(y) ⊂ Z := {z ∈ Bϕ(x),ϕ(y) |Pϕ(x),ϕ(y) = const}.
But, by Lemma 4.5 in Chapter 5, Z is a proper Zariski closed subset of
Bϕ(x),ϕ(y) ⊂ Sˇ.
This contradicts the Zariski density of ρ(Γg). Hence X has to be of tube type.
From now on we may assume that X is of tube type. Assume that rX ≥ 2,
then G has at least three open orbits in Sˇ(3) = O−∪O+∪Ol. By Corollary 3.4,
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Ess Im(ϕ3) is contained in the closure of two open orbits in Sˇ3, namely O± =
{(x, y, z) ∈ Sˇ(3) : βD(x, y, z) = ±||ρ∗(kbX)||}. Hence Ess Im(ϕ3) 6= Sˇ3, which
implies that ρ(Γg) is not dense, and thus discrete (Lemma 3.5). Therefore
ρ(Γg) acts properly discontinuous on X. 
Before we can prove the stronger statement for maximal representations we
have to establish some additional properties of the boundary map ϕ : S1 → Sˇ.
3.2. The boundary map. We would like to have a refinement of the
transversality properties of the ρ-equivariant measurable boundary map ϕ :
S1 → Sˇ. This will be useful to prove the injectivity of maximal representations.
3.2.1. Transversality property I.
Proposition 3.6. Let ρ : Γg → G be a representation with Zariski dense image.
Then there exists a ρ-equivariant measurable boundary map
ϕ˜ : S1 → G/P
such that the preimage of any proper R-algebraic subset V ⊂ G/P has measure
zero, i.e. L(ϕ−1(V )) = 0.
Lemma 3.7. If A ⊂ S1 is of positive measure, then there exists a sequence
(γn)n∈N in Γg such that L(γnA)→ 1 as n→∞.
Proof. Note that the round measure on S1 is the Patterson-Sullivan mea-
sure L = µ0 with respect to the origin 0, if S1 is realized as the boundary of
the Poincare´ disk. Let ξ be a density point of A ⊂ S1. Take (γn)n∈N such that
γ−1n 0 → ξ converge radially. Let C > 0 be a constant, which will be chosen
appropriately later. Denote by b(x, y, C) the shadow in S1 of the ball of radius
C around y seen from x, i.e.
b(x, y, C) := {ξ ∈ S1 | ∃γxξ with γxξ ∩B(y,C) 6= ∅}.
For any η ∈ S1 we define the Busemann function as usual by
Bη(x, y) = lim
z→η[d(x, z) − d(y, z)].
The change of the Patterson-Sullivan measures on S1 with respect to the base
point can be described in terms of the Busemann functions:
dµx(η) = e
−Bη(x,y)dµy(η).
To prove the claim it suffices to show that for all ǫ > 0 there exist constants
C(ǫ), N(ǫ, C) such that for all n ≥ N :
µ0(b(γn0, 0, C) ∩ γnA)
µ0(b(γn0, 0, C))
≥ 1− ǫ.
Modifying the expression, we get
µ0(b(γn0, 0, C) ∩ γnA)
µ0(b(γn0, 0, C))
=
µγ−1n 0(b(0, γ
−1
n 0, C) ∩A)
µγ−1n 0(b(0, γ
−1
n 0, C))
=
1−
µγ−1n 0(b(0, γ
−1
n 0, C) ∩Ac)
µγ−1n 0(b(0, γ
−1
n 0, C))
= 1−
∫
b(0,γ−1n 0,C)∩Ac e
−Bξ(γ−1n 0,0)dµ0(ξ)∫
b(0,γ−1n 0,C)
e−Bξ(γ
−1
n 0,0)dµ0(ξ)
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Since γ−1n 0→ ξ radially, we have that for suitable N and for all n ≥ N , the
following holds for ξ belonging to the region of integration:
|Bξ(γ−1n 0, 0) − d(γ−1n 0, 0)| ≤ K1(C,N).
Therefore the above expression is greater than or equal to
≥ 1−K2(C,N)µ0(b(0, γ
−1
n 0, C) ∩Ac)
µ0(b(0, γ
−1
n 0, C))
.
Since ξ was chosen to be a density point of A the second summand becomes
arbitrarily small as n tends to infinity. Choosing for a given ǫ > 0 the constant
C(ǫ) in such a way that µ0(b(x, 0, C)) ≥ 1− ǫ for all x /∈ B(0, C) and a constant
N(ǫ, C), we obtain that for all n ≥ N :
µ0(b(γn0, 0, C) ∩ γnA)
µ0(b(γn0, 0, C))
≥ 1− ǫ.

Lemma 3.8. Let V be a proper R-algebraic subset V ⊂ G/P. Let (γn)n∈N be a
sequence in Γg. Then there exists a proper R-subvariety W ⊂ G/P such that
for all ǫ > 0 there exists an N ∈ N such that for all n ≥ N :
ρ(γn)VR ⊂ Nǫ(WR).
Proof. Let I(V ) be the ideal in R[G/P] that defines V ; denoting by
I(V )d = I(V ) ∩ Rd[G/P] the homogeneous components, we can write I(V ) =
⊕d≥1Id(V ). Pick now a number d such that Id(V ) 6= 0, let l = dimR Id(V ) ≥ 1
and consider Id(V ) as a point in Grl(Rd[G/P]) in the Grassmannian of l-planes
in the vector space of homogeneous polynomials of degree d on G/P. By
compactness of Grl(Rd[G/P]), after passing to a subsequence, Id(ρ(γn)V ) =
ρ(γn)Id(V ) converges to E ∈ Grl(Rd[G/P]). Given a nonzero element 0 6= P ∈
E, there is a sequence Pn ∈ Id(ρ(γn)V ) such that Pn → P . We define W to be
the zero locus of P , i.e. W := {p ∈ G/P |P (x) = 0}.
Passing to a subsequence we can assume that ρ(γn)VR converges in the
Gromov-Hausdorff topology to a closed set F ⊂ G/P(R). We want to show
that F ⊂ W . There exists a representation ([76]) π : G → GL(U), defined
over R, and an element xo ∈ P(U)(R), such that P = StabG(x0). We identify
G/P(R) = π(G(R))xo ⊂ P(U)(R). Let k be the dimension of U . For a nonzero
element [f ] ∈ F , now represented as f ∈ Rk, there exists a sequence [vn] ∈
ρ(γn)VR converging to [f ], such that vn → f , hence Pn(vn) = 0 and Pn → P . If
we realize elements of G/P(R) by elements of Rk, then, in Rk, Pn → P converge
uniformly on compact sets. Therefore P (f) is arbitrarily close to P (vn) for n
big enough. But P (vn) is gets arbitrarily close to Pn(vn) = 0 for big n, i.e. for
all ǫ > 0 there is an N ∈ N such that for all n ≥ N we have:
|P (f)− P (vn)| ≤ ǫ
|P (vn)− Pn(vn)| ≤ ǫ.
hence |P (f)| = |P (f)− Pn(vn)| ≤ 2ǫ for all ǫ > 0, thus P (f) = 0. 
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Proof. (of Proposition 3.6) The existence of a measurable ρ-equivariant
boundary map ϕ : S1 → G/P was proven above (see Section 1 in Chapter 7).
Thus it only remains to prove that L(ϕ−1(V )) = 0 for any proper R-algebraic
subset V ⊂ G/P. We argue by contradiction. Let A = {x ∈ S1 |ϕ(x) ∈ V } and
assume that µ0(A) > 0. Then by Lemma 3.7 there is a sequence (γn)n∈N such
that µ0(γnA) → 1. Since ϕ is equivariant, γnA = {y ∈ S1 |ϕ(y) ∈ ρ(γn)V },
and the set EN =
⋃∞
n=N γnA is of measure 1 for all N . Now Lemma 3.8 implies
that for ǫ = 1m there exists a N(m) such that
ϕ(EN(m)) ⊂ N 1
m
(WR).
Hence
⋂
mEN(m) is a set of full measure that is sent into WR. This implies that
EssImϕ ⊂ W contradicting the Zariski density of ρ(Γg) since WR is a proper
R-subvariety of G/P. 
The map ϕ does not take values in the Shilov boundary Sˇ ∼= G/Q, but
in G/P , where P is a minimal parabolic subgroup of G. The boundary map
ϕ : S1 → Sˇ is obtained by composing ϕ with the natural projetion from G/P
to G/Q:
As a Corollary we get:
Corollary 3.9. Let ρ(Γg) be Zariski dense. Then there exists a ρ-equivariant
measurable boundary map
ϕ : S1 → Sˇ,
such that the preimage of any proper R-algebraic subset V ⊂ G/Q has measure
zero, i.e. L(ϕ−1(V )) = 0. In particular for almost every x, y ∈ S1, ϕ(x) and
ϕ(y) are transverse.
Proof. Transversality of two points on the Shilov boundary is, given in
terms of the Bruhat decomposition, a Zariski open condition. In particular,
fixing x, the set of the points y ∈ Sˇ which are not transverse to x is a proper
R-algebraic subset of G/Q. 
3.2.2. Transversality property II. To prove the injectivity of maximal repre-
sentations we study the essential graph of the boundary map ϕ : S1 → Sˇ. The
(strong) maximality enters in the proof of Lemma 3.11. We are assuming that
the representation ρ : Γg → G is maximal and that X is of tube type. Thus we
are in the following situation:
The map ϕ : S1 → Sˇ is measurable ρ-equivariant and maps almost every
x, y, z ∈ S1 to a triple in Sˇ(3) such that βD(ϕ(x), ϕ(y), ϕ(z)) = πrX .
Denote by E = EssImϕ the essential image of ϕ. Then for almost every
x ∈ S1, ϕ(x) ∈ E. We define the essential graph F of ϕ to be the support of
the push-forward of the Lebesgue measure L on S1 under the map
Φ : S1 → S1 × Sˇ
x 7→ (x, ϕ(x)).
This is F := supp(Φ∗(L)) ⊂ S1 × Sˇ.
Lemma 3.10. Let (xi, fi) ∈ F . Assume that all xi are pairwise distinct and all
fi pairwise transverse, then β(f1, f2, f3) = rXπc(x1, x2, x3).
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Proof. We may take (Corollary 3.9) small neighbourhoods Ui ⊂ F of
positive measure around (xi, fi) such that for (yi, gi) ∈ Ui the transversality
is preserved. Let (xin , fin) ∈ Ui be sequences converging to (xi, fi) such that
β(f1n , f2n , f3n) = rXπc(x1n , x2n , x3n). By continuity of β and c on Sˇ
(3) resp.
(S1)(3), the same holds for the limit points. 
Since X is assumed to be of tube type, the Bergmann cocycle β extends to
a strict cocycle on Sˇ (see Lemma 5.1 in Chapter 5) that satisfies the following
properties:
(1) |β(f1, f2, f3)| ≤ rXπ for all f1, f2, f3 ∈ Sˇ
(2) if β(f1, f2, f3) = rXπ and f3 is transverse to both f1 and f2, then
f1, f2, f3 are pairwise transverse.
Lemma 3.11. Let (x1, f1), (x2, f2) ∈ F with x1 6= x2, then f1 is transverse to
f2.
Proof. We may pick (Corollary 3.9) a point a ∈ (x1, x2) such that ϕ(a) ∈
E and ϕ(a) is transverse to f1 and f2, and a point b ∈ (x2, x1) such that
ϕ(b) ∈ E and ϕ(b) transverse to ϕ(a), f1, f2. With Lemma 3.10 the cocycle
identity for β reads:
0 = β(ϕ(a), f2, ϕ(b)) − β(f1, f2, ϕ(b)) + β(f1, ϕ(a), ϕ(b)) − β(f1, ϕ(a), f2)
= rXπ − β(f1, f2, ϕ(b)) + rXπ − β(f1, ϕ(a), f2).
Hence β(f1, f2, ϕ(b))+β(f1, ϕ(a), f2) = 2rXπ, and properties (1) and (2) finish
the proof. 
Proof. (of Proposition 3.1 in the maximal case) We may assume that X
is of tube type.
Assume that ρ is maximal, but not injective. Then there exists a γ 6= e ∈ Γg
with ρ(γ) = e ∈ G. Thus for any (x, f) ∈ F we have that (γx, ρ(γ)f) =
(γx, f) ∈ F , contradicting Lemma 3.11, since γx 6= x. 
3.2.3. Left/Right continuity. Let ϕ : S1 → Sˇ be the equivariant measurable
boundary map, associated to a maximal representation ρ : Γg → G. Assume
that the Hermitian symmetric space associated to G is of tube type. The
properties of the generalized Maslov cocycle we used to prove the injectivity of
the representation imply also the following statement.
Lemma 3.12. There is a right continuous map ϕ+ and a left continuous map
ϕ−, ϕ± : S1 → Sˇ, such that ϕ = ϕ± almost everywhere.
From Lemma 5.5 in Chapter 5 we obtain the following property of the
essential graph F of ϕ:
Lemma 3.13. Let (x, y] ⊂ S1, E(x,y] := {f ∈ Sˇ | ∃t ∈ (x, y], (t, f) ∈ F} and
Fx := {x} × Sˇ ∩ F . Then E(x,y] ∩ Fx is reduced to a point. Let [x, y) ⊂ S1,
E[x,y) := {f ∈ Sˇ | ∃t ∈ [x, y), (t, f) ∈ F} and Fy := {y}× Sˇ∩F . Then E[x,y)∩Fy
is reduced to a point.
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Proof. Arguing by contradiction we prove the first claim, the second fol-
lows by a similar argument. Let f, f ′ ∈ E(x,y] ∩ Fx, f− ∈ Fx transverse to f
and f ′. Let xi → x be a sequence in (x, y], fi ∈ Fxi a sequence of points in Sˇ
with fi → f . Pick another sequence yi → x with yi ∈ (x, xi) and f ′i ∈ Fyi with
f ′i → f ′. We may assume that f− is transversal to all fi, f ′i . By Lemma 3.10,
τ(f, f ′i , fi) is maximal and fi → f . We deduce from Lemma 5.5 in Chapter 5,
that f ′i → f and hence f = f ′. 
Proof. (of Lemma 3.12) For all x ∈ S1 with #Fx = 1 we define ϕ± to be
ϕ(x) ∈ Fx. Whenever #Fx > 1 we define ϕ+(x) to be the right limit point of
ϕ, i.e. E(x,y] ∩Fx and ϕ−(x) to be the left limit point of ϕ, i.e. E[y,x) ∩Fx. 
4. Characterizing maximal representations
We refine the definition of maximal representations, taking into account the
cohomology class α ∈ H2cb(G,R).
Definition 4.1. A representation ρ : Γg → G is called α-maximal, if Tol(ρ, α) =
||α|| |χ(Σ)|.
With the theory of tight embeddings at hand, we are able to prove:
Theorem 4.2. Let G be a connected semisimple real algebraic group with finite
center and assume that its associated symmetric space is Hermitian. Let ρ :
Γg → G be a maximal representation. Then:
(1) ρ(Γg) stabilizes a maximal Hermitian symmetric subspace of tube type
T ⊂ X.
(2) The Zariski closure L of ρ(Γg) is reductive.
(3) The symmetric subspace associated to L is a Hermitian symmetric space of
tube type and the inclusion Y → T is tight.
(4) The action of Γg on Y via ρ is properly discontinuous without fixed points.
(5) There exists a Hermitian symmetric subspace of tube type TY containing
Y on which ρ(Γg) acts properly discountinuously without fixed points.
Remark 4.3. A Hermitian symmetric subspace is a totally geodesically and
holomorphically embedded subspace.
As in Lemma 1.3 in Chapter 6 we can deduce the following properties of
α-maximal representations from results on bounded cohomology in [70].
Lemma 4.4. Suppose ρ : Γg → G is a representation, α ∈ H2cb(G). If ρ is
α-maximal, the following holds.
(1) Suppose L < G is a closed subgroup and ρ(Γg) ⊂ L < G.
Then ρ is α|L-maximal and ||α|L || = ||α||
(2) Suppose Γ0 ⊳ Γg is a normal subgroup of finite index.
Then ρ0 := ρ|Γ0 is α-maximal and ||ρ|Γ0
∗α|| = ||ρ∗α|| = ||α||.
(3) Suppose R ⊳ G is a normal closed amenable subgroup and let α be
the image of α under the canonical isometric isomorphism Hcb(G) ∼=
Hcb(G/R) (see [19, Theorem 4.1.1.]).
Then ||α|| = ||α|| and the induced homomorphism ρ : Γg → G/R is
α-maximal.
104 8. REPRESENTATIONS OF SURFACE GROUPS
(4) Assume G = Πni=1Gi and αi = α|Gi ∈ H2cb(Gi).
Then the induced representations ρi = pri ◦ ρ : Γg → Gi are αi-
maximal.
Proof. The first, the third and the fourth claim follow immediately from
the corresponding properties of tight homomorphisms. For the second claim
let Σ′ denote the covering of Σg associated to the subgroup Γ0. Let d be the
degree of the covering. We obtain the following inequality:
Tol(ρ0) ≤ 2|χ(Σ′)| ||α|| = d2|χ(Σg)| ||α|| = dTol(ρ) = Tol(ρ0).
Hence ρ0 : Γ0 → G is maximal. 
Proof. (of Theorem 4.2) Let L = ρ(Γg)
Z
(R) be the Zariski closure of the
image. If L is not connected consider L′ = ρ(Γg)
Z
(R)◦ its connected component
of the identity. Then Γ′g := ρ−1(L′ ∩ ρ(Γg) is a normal subgroup of finite index
in Γg. It follows from Lemma 4.4 that the representation ρ
′ : Γ′g → L′ is still
maximal, thus passing to a finite index normal subgroup of Γg (Lemma 4.4), we
may assume that L = ρ(Γg)
Z
(R), the Zariski closure of the image, is connected.
A maximal representation ρ : Γg → G is in particular a tight homomorphism.
Thus Theorem 3.10 of Chapter 6 implies that L < G is reductive and its
associated symmetric space is Hermitian. Denote by M the semisimple part of
L and let M ′ =M1×· · ·×Mℓ be the product of the noncompact simple factors
of M =M ′ ×C, with associated Hermitian symmetric space Y = Y1 × · · · × Yℓ.
The corresponding representations ρi : Γg → Mi are ki-maximal (Lemma 4.4),
where ki = pri(k
b
x|L) are constant multiples of the bounded Ka¨hler forms k
b
Yi
∈
H2cb(Mi,R). Hence the representations ρi are maximal and by Proposition 3.1
the symmetric spaces Yi are Hermitian symmetric spaces of tube type and the
action of Γg via ρi on Yi is properly discontinuous without fixed points. Hence
the symmetric space Y = Πℓi=1Yi is a Hermitian symmetric space of tube type
and the action of Γg via ρ is properly discontinuous without fixed points. Since
the inclusion L→ G is tight (Lemma 1.3 in Chapter 6), the embedding Y → X
is tight. It follows from Proposition 3.11 of Chapter 6 that Y is contained in
T ⊂ X, a maximal subdomain of tube type in X, that is hence stabilized by
ρ(Γg). Furthermore the Hermitian hull TY of Y is preserved by ρ(Γg). Since
the centralizer of L in Is(TY ) is trivial, ρ(Γg) acts still properly discontinuously
and without fixed points on TY . 
4.1. Construction of maximal representations with Zariski dense
image. We construct maximal representations with Zariski dense image in the
case where X is of tube type, showing that Theorem 4.2 is optimal.
Theorem 4.5. Let X be a Hermitian symmetric space of tube type and P ⊂ X
be a maximal polydisc. Let ρ0 : Γg → Is(X)◦ be the maximal representation ob-
tained from composing a diagonal discrete injective embedding Γg → SU(1, 1)r
with hP .
Then ρ0 admits a continuous deformation
ρt : Γg → Is(X)◦ , t ≥ 0
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with ρt maximal and ρt(Γg) Zariski dense in Is(X)
◦ for t > 0.
The proof uses the following Lemmata.
Lemma 4.6. Suppose ρi : Γg → PSU(1, 1), i = 1, . . . , r are representations with
Zariski dense image which are pairwise not conjugate. Then ρ = (ρ1, . . . , ρr) :
Γg → PSU(1, 1)r has Zariski dense image.
Proof. We argue by contradiction. Denote L := PSU(1, 1). Assume that
the Zariski closure H of ρ(Γg) is a proper subgroup of L
r. Since ρi has Zariski
dense image in L, the projections pri on the factors of L
r satisfy pri(H) = L
for all i. Denote by pri the projection on the first i factors. Let 1 ≤ s < r be
the number such that prs(H) = Ls and H ′ := prs+1(H) is a proper subgroup
of Ls+1. Then H ′ < Ls ×L is algebraic and the projections of H ′ onto the two
factors are surjective. We represent an element x ∈ H ′ as x = (a, b) ∈ Ls × L.
Since the projection onto the second factor is surjective, we have thatH ′∩(e×L)
is normal in (e × L). Since L is simple we have to consider the following two
cases:
1) H ′ ∩ (e× L) = (e× L), which contradicts the choice of s.
2) H ′ ∩ (e × L) = (e × e), which implies that H ′ is the image of a surjective
homomorphism of Ls → L of a semisimple group onto a simple group. Such
a homomorphism can only be the projection onto a factor composed with an
automorphism of L. Hence H ′ < Ls−1 × {(l, α(l) | l ∈ L, α ∈ Aut(L)}. Af-
ter reordering this gives H < Lr−2 × {(l, α(l)) | l ∈ L, α ∈ Aut(L)}, hence
α(ρr−1(a)) = ρr(a), thus ρr−1 is conjugate to ρr. This contradicts the assump-
tion and proves the claim. 
Lemma 4.7. Let H,G be simple Lie groups of Hermitian type with associated
symmetric spaces Y,X of tube type and of the same rank. Assume that π :
H → G is a (virtually) injective tight homomorphism auch that the induced
totally geodesic embedding Y → X is holomorphic. Let C ⊂ Y ⊂ X be a tight
disc. Then there exists k ∈ StabG(C) with k /∈ StabH(C).
Proof. It follows from Corollary 4.6 that Lie algebra homomorphism corre-
sponding to π is an (H2)-homomorphism. These homomorphism were classified
in [79, 56]. From a case by case checking (see Example at the end of this
Section) it follows that in all situations StabH(C) ( StabG(C):
1) G = Sp(2n,R): StabSp(2n,R)(C) ∼= O(n). There are no (H2)-holomorphic
embeddings of simple Lie algebras of maximal rank.
2) G = SU(n, n): StabSU(n,n)(C) ∼= U(n). The only possible situation is
H = Sp(2n,R), i.e. O(n) ( U(n).
3) G = SO∗(4n): StabSO∗(4n)(C) ∼= SU(m,H) The only possible situations
are H = SU(n, n) or H = Sp(2n,R). We have to consider only the case
H = SU(n, n). But U(n) ( SU(m,H).
4) G = SO(2, n): StabSO(2,n)(C) ∼= O(n − 1). The only possible situations are
H = SO(2,m) with m < n. But O(m− 1) ( O(n− 1) for n > m.
5) Exceptional case: StabE7(C)
∼= F4. 
Proof. (of Theorem 4.5) For the construction of a desired representation,
realize the fundamental group as an amalgamated product over a separating
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geodesic, Γg = A ∗〈γ〉 B. Choose a hyperbolization of Γg, π : Γg → PSU(1, 1)
and use the diagonal embedding
∆ : PSU(1, 1)→ PSU(1, 1)r
to define hyperbolizations
ρi := pri ◦∆ ◦ π|A : A→ PSU(1, 1)
and
ωi := pri ◦∆ ◦ π|B : B → PSU(1, 1).
Let tA, tB : PSU(1, 1)
r → G be two different homomorphisms which coincide on
∆(PSU(1, 1)). Choose now two one-parameter families of deformations ρti, ω
t
i ,
such that the ρti’s, i = 1, . . . , r, respectively the ω
t
i ’s, are pairwise not conjugate
for all t > 0 and ρti(γ) = ρi(γ), respectively ω
t
i(γ) = ωi(γ), for all t. By
the above Lemma, the representations of A, respectively B, given by ρt(a) =
tA(ρ
t
1(a), . . . , ρ
t
r(a)), respectively ω
t = tB(ω
t
1(a), . . . , ω
t
r(a)), have Zariski dense
image in tA(PSU(1, 1)
r), respectively tB(PSU(1, 1)
r) for t > 0. They define a
representation
πt : Γg → G
by the universal property of amalgamated products. Constructed as a defor-
mation of a maximal representation, πt has maximal Toledo invariant. Hence
(Theorem 4.2) the Zariski closure of its image is reductive, and of maximal
rank, since it contains the image of tA. The symmetric space Yt, t > 0 cor-
responding to its semisimple part Ht is of tube type. It contains a tight
holomorphic disc, which is also a tight holomorphic disc in X. For the cor-
responding Lie algebra homomorphisms π0 : sl(2,R) → h, ψ : h → g and
π = ψ ◦ π0 : sl(2,R) → g this means that π0 and π are (H2), hence ψ is also
(H2) and the associated embedding Y → X is holomorphic. By Lemma 4.7
there are elements k ∈ StabG(tA(∆(PSU(1, 1)))) = StabG(tB(∆(PSU(1, 1))))
such that the subgroup of G generated by the image of tA and tB = ktA coin-
cides with G. 
Example 4.8. As illustration, we describe the standard polydisc and the Lie
algebra k0 of its stabilizer explicitly for all classical cases.
1) Case g = sp(2n,R). The Lie algebra is given by
g =
(
X1 X2
X2 X1
)
= k+ p,
k =
(
X1 0
0 X1
)
, p =
(
0 X2
X2 0
)
,
where Xi ∈Matn×n(C), X∗1 = −X1, XT2 = X2.
The standard maximal abelian Lie subalgebra a ⊂ p and the maximal poly-
disc r are:
a =
{(
0 A
A 0
)
|A = diag(a1, . . . , an), ai ∈ R
}
,
r =
{(
0 Z
Z 0
)
|Z = diag(z1, . . . , zn), zi ∈ C
}
.
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The tight disc is given as subset of r where zi = z for all i. The Lie algebra of
the subgroup K0 < K fixing the tight disc is
k0 =
{(
X 0
0 X
)
|X ∈ o(n)
}
.
2) Case g = su(n, n): The Lie algebra g is given by:
g =
(
X11 X2
X∗2 X12
)
= k+ p,
k =
(
X11 0
0 X22
)
, p =
(
0 X2
X∗2 0
)
,
where Xi ∈Matn×n(C), X∗1i0 = −X1i, trX11 + trX12 = 0.
The standard maximal abelian Lie subalgebra a ⊂ p and the maximal poly-
disc r are:
a =
{(
0 A
A 0
)
|A = diag(a1, . . . , an), ai ∈ R
}
,
r =
{(
0 Z
Z 0
)
|Z = diag(z1, . . . , zn), zi ∈ C
}
.
The tight disc is given as subset of r where zi = z for all i.
The Lie algebra of the subgroup K0 < K fixing the tight disc is
k0 =
{(
X 0
0 X
)
|X ∈ u(n)
}
.
3) Case g = so∗(4n). The Lie algebra can be described as:
g =
(
X1 X2
−X2 X1
)
= k+ p,
k =
(
X1 0
0 X1
)
, p =
(
0 X2
−X2 0
)
,
where Xi ∈Mat2n×2n(C), X∗10 = −X1, XT2 = −X2.
The standard maximal abelian Lie subalgebra a ⊂ p and the maximal poly-
disc r are:
a =
{(
0 A
−A 0
)
|A =
(
0 B
−B 0
)
, B = diag(b1, . . . , bn), bi ∈ R
}
,
r =
{(
0 Z
−Z 0
)
|Z =
(
0 Y
−Y 0
)
, Y = diag(y1, . . . , yn), yi ∈ C
}
.
The tight disc is given as subset of r where yi = y for all i. The Lie algebra of
the subgroup K0 < K fixing the tight disc is
k0 = su(2n,H) =
{(
X 0
0 X
)
|X =
(
A B
B A
)}
,
where A is arbitrary and B is symmetric and purely imaginary.
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4) Case g = so(n, 2). This case is a bit more subtle than the previous cases.
The Lie algebra is:
g =
(
X11 X2
XT2 X12
)
= k+ p,
k =
(
X11 0
0 X12
)
, p =
(
0 X2
XT2 0
)
,
where X11 ∈ Matn×n(R), X12 ∈ Mat2×2(R), X2 ∈ Matn×2(R). The element Z0
generating the center of k is given by
Z0 =
(
0 0
0 J
)
,
where J =
(
0 −1
1 0
)
. The standard maximal abelian Lie subalgebra a ⊂ p and
the maximal polydisc r are:
a =

(
0 A
AT 0
)
|A =
a1 00 a2
0 0
 ai ∈ R
 ,
r =

(
0 Z
ZT 0
)
|Z =
 a1 b1−b2 a2
0 0
 , ai, bi ∈ R
 .
The tight disc is given as the image of the (H2)-holomorphic image of so(1, 2) →
so(n, 2), hence it is the subset of r where −b2 = a2 = 0. (It is not the subset
with b2 = b1 and a1 = a2.)
The Lie algebra of the subgroup K0 < K fixing the tight disc is
k0 =
{(
X 0
0 Id
)
|X =
(
1 0
0 X1
)
, X1 ∈ o(n − 1)
}
.
5. The maximal part of the representation variety
5.1. Structure of the representation variety. Let Γg be the funda-
mental group of a closed Riemann surface, g ≥ 2. and G be the adjoint group
of a semisimple real Lie algebra. Choose a presentation
Γg = 〈a1, b1, . . . , ag, bg |Πgi=1[ai, bi] = 1〉.
Consider the representation varietyR(Γg, G) = Gn/P, where P is generated
by the one relation Πgi=1[ai, bi] = 1.
The Zariski tangent space to R(Γg, G) at a point ρ ∈ R(Γg, G) has di-
mension (2g − 1) dim(G) + dimZentG(ρ(Γg)), where ZentG(ρ(Γg)) denotes the
centralizer in G of the image ρ(Γg). ([39])
It follows that ρ is a simple point if (ZentG(ρ(Γg)) is finite. A singular point
of R(Γg, G) is a simple point of a natural submanifold R(Γg, G1) of R(Γg, G),
where G1 = ZentG(ZentG(ρ(Γg)). Denote the set of simple points in R(Γg, G)
by R(Γg, G)−. The natural (algebraic) stratification of R(Γg, G) is given by all
G-orbits of submanifolds R(Γg, G1)−.
The action of G is locally free on R(Γg, G)−. The quotient R(Γg, G)−/G
is not necessarily Hausdorff. Consider the open subset R(Γg, G) of R(Γg, G)−,
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consisting of representations ρ, such that ρ(Γg) is not contained in a proper
parabolic subgroup of G. Then the group G acts properly on R(Γg, G)−−,
and the quotient R(Γg, G)−−/G is an analytic manifold of dimension (2g −
2) dim(G).
The group of outer automorphism Out(Γg) can be identified with the map-
ping class group of Σg, acting thus in X (Γg, G).
5.2. Structure of the set of maximal representations. We define the
subset of maximal representations
Rmax := {ρ ∈ R(Γg, G) | ρ is maximal } ⊂ R(Γg, G).
Since the Toledo invariant is locally constant on R(Γg, G), the set Rmax is a
union of connected components of R(Γg, G).
The number of connected components can be in certain cases computed
using Higgs bundles and related methods. Of particular interest is the result
of Gothen ([45]) showing that for G = SU(2, 2) the subset of maximal rep-
resentations is connected, whereas for G = Sp(4,R) the number of connected
components grows exponentially in the genus g of the surface group. Namely
there are 3(22
g
)+2g−4 connected components in Rmax. This implies that there
are maximal representations which cannot be deformed to a representation that
extends to a homomorphism of SL(2,R).
A maximal representation is in particular a tight homomorphism, hence
Rmax ⊂ Rt ⊂ Rnp.
Denote the simple points of Rmax, i.e. the set of maximal representations with
ZentG(ρ(Γg) = ZentG(H(ρ)) being finite, by R−max = Rmax ∩R−(Γg, G). Then
R−max ⊂ Rnp,fd. At the non simple points we have locally a product structure
Rmax(Γg, G) = Rmax,fd(Γg, G1)×R(Γg, C),
where G1 is the semisimple noncompact part of the Zariski closure of ρ(Γg)
and C is the compact part of the Zariski closure of ρ(Γg). The set R(Γg, C)
is compact. In particular, the results of Parreau ([75]) on compactifications of
representation varieties apply to the subset of maximal representations, provid-
ing a compactification of Xmax(Γg, G) := Rmax(Γg, G)/G.
5.3. Relation to the Hitchin component. Starting from the theorem
of Goldman ([38]), that the maximal part of the character variety
Xmax(Γg,PSL(2,R)) ⊂ X (Γg,PSL(2,R))
are the Teichmu¨ller spaces of Σg, one may view our results on maximal rerpre-
sentations as a generalization of Teichmu¨ller space in the context of Hermitian
symmetric spaces.
In the case when G is a split real simple Lie group Hitchin [53], in a very
different way using Higgs bundles, singled out one connected component of
the character variety X (Γg, G), called Hitchin component, containing a copy of
Teichmu¨ller space. He proves that these components are smooth and homeo-
morphic to a ball of dimension |χ(Σg)|dim(G). Unfortunately he obtains no
information about geometric properties of the representation contained in this
component. The only split real simple group which is of Hermitian type is
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the group Sp(2n,R). The Hitchin component in this case is the deformation
space of representation ρ0 : Γg → PSp(2n,R) obtained as composition of a
Fuchsian representation Γg → PSL(2,R) with the irreducible representation
PSL(2,R)→ PSp(2n,R).
From this we obtain the following
Corollary 5.1. The Hitchin componentRHitchin(Γg,PSp(2n,R)) is contained
as a (proper) subset in Rmax(Γg,PSp(2n,R)). In particular all representations
in RHitchin(Γg,PSp(2n,R)) are discrete and faithful.
Remark 5.2. The number of connected components ofRmax(Γg,Sp(4,R)) grows
exponentially in the genus of the surface [45]. Furthermore, also the number of
connected components of Rmax(Γg,Sp(4,R)) which are smooth and homeomor-
phic to Hitchin’s component grows exponentially in the genus of the surface.
There are 22
g
such components. One might suspect that the action of Out(Γg)
permutes different components.
Recently the Hitchin component for G = SL(n,R) has been studied by
Labourie [62]. In his very nice work he proves that all representations in the
Hitchin component are discrete, faithful and loxodromic by relating them to
a dynamical structure, which he calls Anosov representation. Following his
suggestion we obtained a similar structure for all maximal representations.
Remark 5.3. Other generalizations of Teichmu¨ller space for G being a split
real semisimple Lie group have been recently defined by Fock and Goncharov
([35]) for punctured surfaces. It seems that their positivity condition is similar
to the condition that positive oriented triples on S1 are mapped to maximal
triples on the Shilov boundary, which we obtained after applying the methods
from bounded cohomology.
6. Anosov flows
We are going to prove that maximal representations ρ : Γg → G are holo-
nomy representations of Anosov structures on the Riemann surface Σg.
These structures are very similar to the structures Labourie obtained for
the representations in the Hitchin component for G = SL(n,R). Indeed, the
strategy of our proof was suggested by him.
6.1. A model for the geodesic flow. Assume that Σg is equipped with
some hyperbolic metric such that Σ˜g = D. The lift of the unit tangent bundle of
Σ with respect to Γg is T
1D. We denote by gt : T
1Σg → T 1Σg the geodesic flow,
and by g˜t its lift to T
1D. An element u = (x, v) ∈ T 1D determines uniquely a
positively oriented triple (u+, u0, u−) of (distinct) points on S1, where u± are
the endpoints for t→ ±∞ of the geodesic in D that is determined by u and u0 is
the endpoint of the geodesic determined by the vector orthogonal to the vector
v in TxD such that (u+, u0, u−) is a positively oriented triple in S1. Using this,
we identify the unit tangent bundle with (S1)
(3)
+ , the space of distinct positively
oriented triples in S1,
T 1D ∼= (S1)(3)+ .
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In this model the lift of the geodesic flow acts as g˜t(u+, u0, u−) = (u+, ut, u−)
with ut → u± for t→ ±∞.
6.2. Anosov representation. Let G be a connected semisimple Lie group
and B ⊂ G/Q × G/Q an open subset of a generalized flag variety defined by
some parabolic subgroup Q < G.
The distributions associated to the product foliation of B give rise to a
decomposition of the tangent bundle TB = TB+ ⊕ TB−,
Definition 6.1. (see [62]) A representation ρ : Γg → G is said to be an Anosov
representation modelled on (G,B) if there exists a continuous ρ- and g˜t equi-
variant map
F : T 1D→ B
such that the vector bundle E = F ∗(TB), defined as the pull-back of the
tangent bundle of B decomposes under the lift of the geodesic flow ψt, into
two subbundles E± = F ∗(TB±) such that (ψt)t≥0 acts contracting on E+ and
(ψt)t≤0 acts contracting on E−.
6.3. Maximal representations are Anosov. Let now ρ : Γg → G be
a maximal representation into the isometry group of a Hermitian symmetric
space X of tube type. Let B ⊂ Sˇ × Sˇ be the equivariant Bruhat cell in the
Shilov boundary of X.
Denote by ϕ± the right- respectively left-continuous ρ-equivariant boundary
maps ϕ± : S1 → Sˇ. Define a map
F : T 1D→ B, (u+, u0, u−) 7→ (ϕ+(u+), ϕ−(u−)).
This map is well-defined (Lemma 3.11), ρ-equivariant, and clearly invariant
under the geodesic flow, i.e. F ◦ g˜t(u) = F (u).
The equivariant Bruhat cell inherits two foliations E± from the product
structure of B ⊂ Sˇ × Sˇ:
E+(z+,z−) = B(z−)× z−,
E−(z+,z−) = z+ ×B(z+).
The corresponding distributions give a decomposition of the tangent bundle of
B,
TB = E+ ⊕ E−
with
E+(z+,z−) = Tz+B(z−) = Tz+ Sˇ,
E−(z+,z−) = Tz−B(z+) = Tz−Sˇ.
We pull back the tangent bundle of B via the map F to obtain a (measur-
able) vector bundle
E = F ∗TB → T 1D.
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Since F is ρ-equivariant this vector bundle descends to a vector bundle over the
unit tangent bundle of the surface,
Eρ → T 1Σg.
Because the map F is invariant under the geodesic flow, we may lift the geodesic
flow gt to a flow
ψ˜t : E → E,
defined by ψ˜t(u, v) = (g˜tu, v). This descends to a flow ψt : Eρ → Eρ.
Since T 1Σg is compact, all continuous scalar products on Eρ are equivalent
and we may fix one.
Theorem 6.2. Let G be the isometry group of a Hermitian symmetric space of
tube type. Assume that ρ : Γg → G is a maximal representation. Then there
is a continuous ψ˜t-invariant splitting
Eρ = E
+
ρ ⊕ E−ρ
such that
(1) The splitting Eρ,u = E
+
ρ,u⊕E−ρ,u is compatible with the splitting of TB, i.e.
E±ρ,u = F ∗(E±)u.
(2) The flow (ψt)t≥0 acts contracting on E−ρ and (ψt)t≤0 acts contracting on
E+ρ .
Corollary 6.3. Maximal representations are Anosov representations modelled
on (G,B), where B ⊂ Sˇ × Sˇ is the equivariant Bruhat cell.
We sketch the structure of the proof of Theorem 6.2: Given a maximal repre-
sentation ρ : Γg → G, we use the ρ-equivariant right-/left-continuous boundary
maps ϕ± : S1 → Sˇ to pull-back the tangent bundle of B ⊂ Sˇ × Sˇ to a bundle
E over the unit tangent bundle of the surface Σg. Using the parametrization
of the tangent space TxSˇ of the Shilov boundary by the Euclidean Jordan alge-
bra V , we define fibrewise a norm on E. This norm is a priori not continuous
on E. But, with respect to this norm we obtain a measurable splitting of
E = E+⊕E−. With this splitting and a comparison of the (measurable) norm
to a continuous norm on E on a bounded subset, we can show that the splitting
E = E+ ⊕ E− is infact continuous.
6.4. A norm on Eρ. Recall that we parametrized the Bruhat cell B(z) ⊂
Sˇ using the Euclidean Jordan algebra V . In particular we may identify the
tangent space of B(z) at a point z′ ∈ B(z) canonically with the vector space
V . Any element in w ∈ V admits a unique spectral decomposition and hence a
spectral norm defined by s(w) =
∑r
i=1 λi.
For the rest of the chapter we work with this parametrization of the tangent
space of the Bruhat cell. Thus for the tangent space of the equivariant Bruhat
cell B ⊂ Sˇ × Sˇ we obtain:
T(z+,z−)B = E
+
(z+,z−)
⊕ E−(z+,z−) = Tz+B(z−)⊕ Tz−B(z+) = Vz+ ⊕ Vz−
We are going to define a fiberwise norm on E = F ∗TB, making use of the
generalized Maslov cocycle on Sˇ.
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Let v ∈ Eu, i.e. v ∈ T(z+,z−)B where z± = ϕ±(u±). Let v = (v+, v−)
be the decomposition of v with respect to E+ ⊕ E− = TB. Let l(v±) be the
norm of v± with respect to the inner product in Tz+Sˇ given by the invariant
Riemannian metric on Sˇ. We define a norm on (F ∗E±) by scaling this norm
with a factor depending on the base point u = (u+, u0, u−). The images of u0
under ϕ± are transverse to the images of u± under the maps ϕ± (Lemma 3.11).
Thus ϕ±(u0) determine points in B(z±), and hence a vector
(v+0 , v
−
0 ) = (ϕ
+(u0)− ϕ+(u+), ϕ−(u0)− ϕ−(u−)) ∈ Vϕ+(u+) ⊕ Vϕ−(u−),
Vϕ+(u+) ⊕ Vϕ−(u−) = E+F (u) ⊕ E−F (u) = TF (u)B.
Since V ± = Vϕ±(u±) inherit the structures of Euclidean Jordan algebras, we
may associate to the elements v±0 their spectral norms s±(v
±
0 ) (see Chapter 4).
We define the norm on (F ∗E±)u by
q±u (v
±) := ±s±(v±0 )l(v±).
This induces a norm qu(v) = q
+
u (v
+) + q−u (v−) on the fibers of F ∗TB.
Lemma 6.4. The map qu : (F
∗TB)u → R is a norm
Proof. We prove that q+u : (F
∗E+)u → R is a norm. A similar argument
shows that q−u is a norm on (F ∗E−)u. Since E+ ⊕ E− = TB this implies that
qu is a norm on (F
∗TB)u.
The Maslov cocycle evaluated on (ϕ+(u+), ϕ
+(u0), ϕ
−(u−)) is the signature
of v+0 = (ϕ
+(u0) − ϕ+(u+)). The triple (u+, u0, u−) is positively oriented,
hence (ϕ+(u+), ϕ
+(u0), ϕ
−(u−)) is a maximal triple. The maximality means
that sign(v+0 ) = r. Therefore, all eigenvalues λi of the spectral decomposition
are positive, in particular s(v+0 ) > 0. So we scaled the norm l(v
+) in the fiber
(F ∗E+)u with the positive factor s(v+0 ) depending on u. 
Remark 6.5. From Lemma 5.5 it follows that s±(v±0 )→ 0 if u0 → u±.
We want to determine the “expanding” and “contracting” subbundles of Eρ
for the flow ψt. For e ∈ Eu let ||e||u = qu(e) be the norm defined by the above
construction.
Define
E+u :=
{
e ∈ Eu | lim
t→∞ ||ψt(e)||gt(u) = 0
}
E−u :=
{
e ∈ Eu | lim
t→−∞ ||ψt(e)||gt(u) = 0
}
.
Lemma 6.6. We have that E+u = (F
∗E+)u and E−u = (F ∗E−)u.
Proof. We prove only the first assertion since the second follows by similar
arguments. Let e ∈ (F ∗E+)u then ||ψ˜t(e)||gtu = ||e||gtu = q+gtu(e). But, since
gtu = (u+, ut, u−) with ut → u+ as t → ∞, Lemma 5.5 in Chapter 5 implies
that q+gtu(e)→ q+u+(e) = 0 for t→∞, where u+ = (u+, u+, u−). Hence
(F ∗E+)u ⊂ E+u .
To prove the opposite inclusion we may work on E with respect to the flow
ψ˜t. Let (u, e) ∈ E = F ∗TB and assume that limt→∞ ||e||gtu = 0. Observe that
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qgtu(e) = q
+
gtu(e+) + q
−
gtu(e−), where e = e+ + e− is the decomposition with
respect to (F ∗TB)u = (F ∗E+)u ⊕ (F ∗E−)u. Then we have q−gtu(e−) ≥ q−u (e−)
by Lemma 5.3 in Chapter 5. But since limt→∞ ||e||qgtu = 0, this gives that
e− = 0, hence e = e+ ∈ (F ∗E−)u. 
This Lemma gives a weak splitting E = E+ ⊕ E− that is a priori not
continuous but at least measurable. We want to show, that this splitting is
indeed continuous.
Denote by Grn(TB) the Grassmannian bundle, where the fibres are Grass-
mannians of n-planes in TxB. The splitting E = E
+ ⊕ E− defines two maps
Φ± : T 1D→ Grn(TB), u 7→ E±u .
Proposition 6.7. The maps Φ± : T 1D → Grn(TB), defined by u 7→ E±u , are
continuous.
We need the following Lemma:
Lemma 6.8. Let K ⊂ T 1D be compact. Then the sets
J± :=
{
v±0 = ϕ
±(u0)− ϕ±(u±) |u ∈ K
}
are bounded in V .
Proof. If K ⊂ (S1)(3) is a compact set, then the subset
P :=
⋃
(x1,x2,x3)∈K
(Fx1 × Fx2 × Fx3) ⊂ Sˇ(3)
is compact. Indeed, let F 3 := {((x1, x2, x3), (f1, f2, f3)) | (xi, fi) ∈ F}, then
F 3 ⊂ (S1)3 × Sˇ3 is closed, hence F 3 ∩ (K × Sˇ3) is compact and hence P , its
projection to Sˇ3 is compact.
Denote by T : Sˇ → V the Cayley transform.
Claim: If K1 ⊂ Sˇ(3) is a compact subset then{T (f0)− T (f±) | f = (f+, f0, f−) ∈ K1} ⊂ V
is bounded. The Cayley transform defines a map T0 : Sˇ(3) → V by determined
by mapping a triple (f+, f0, f−) with T (f+) = 0,T (f−) = ∞ to the point
T (f0) ∈ V . This map is continuous. Assume that (f+n , f0n, f−n ) is a sequence
of maximal triples of pairwise transverse points in Sˇ converging to a maximal
triple of pairwise transverse points (f+, f0, f−). Using the transitivity of the
action of G on transverse tuples, we may assume that f+n = f
+ and f−n = f−
are fixed with T (f−) = ∞, T (f+) = 0, and f0n → f0. But then the images
under T converge T (f0n) → T (f0) since the Cayley transform is continuos on
B(f−). Thus the sets J± are bounded. 
Proof. (of Proposition 6.7) We prove that Φ− is continuous. The result
for Φ+ follows by a similar argument.
Let (uk)→ u in T 1D. Consider the sequence of the images
L−k := E
−
uk
= Φ(uk)
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in Grn(TB). Let L be any accumulation point of (L
−
k ). Passing to a subse-
quence (ul), we have ul → u, L−l → L. We have to show that L = Φ(u) = E−u .
Now {ul, u} is compact.
It follows form Lemma 6.8 that the set of norms
{
q(uk), qu
}
is bounded.
Hence there exists a Γg-invariant continuous scalar product on E, with induced
norms || · ||u on V and a constant λ > 0 such that
λ−1|| · ||uk ≤ quk(·) ≤ λ|| · ||uk
λ−1|| · ||u ≤ qu(·) ≤ λ|| · ||u
We claim that L ⊂ L−u . Then for dimension reasons L = L−u .
Given an element e ∈ L there exists a sequence el ∈ L−l such that el → e in TB.
We have to show that limt→∞ qgtu(e) = 0. We know that limt→∞ qgtul(el) = 0
and by the above comparison also that limt→∞ ||ψt(ul, el)||gtul = 0. We want to
show that limt→∞ ||ψ˜t(u, e)||gtu = 0, since then also limt→∞ qgtu(e) = 0 holds.
So far all our considerations where about the bundle E, now we are using the
fact, that Γg acts cocompactly on T
1D.
Since the flow ψ˜t is Γg-invariant, we have that
||ψ˜t(ul, el)||gtul = ||γ∗ψ˜t(ul, el)||γgtul .
Furthermore, since Γg acts cocompactly, for any ǫ > 0 there exist N ∈ N and
η ∈ Γg such for all l ≥ N we have
||γ∗ψ˜t(ul, el)− η∗ψ˜t(u, e)|| ≤ ǫ.
Hence
||γ∗ψ˜t(ul, el)||γgtul − ||η∗ψ˜t(u, e)||ηgtu ∈ [−ǫ, ǫ].
Since this holds for every ǫ > 0, we have that limt→∞ ||ψ˜t(u, e)||gtu = 0 and the
above comparison of || · || and the norm qu implies the claim. 
Proof. (Proof of Theorem 6.2) It is a direct consequence from Proposi-
tion 6.7, that the splitting Eρ = E
+
ρ ⊕ E−ρ with E±ρ :=
{
(u, e) ∈ E | v ∈ E±ρ,u
}
is continuous. The statements (1) and (2) follow from Lemma 6.6. 
6.5. The boundary map. The continuity of the maps Φ± imply the con-
tinuity of the boundary maps ϕ± : S1 → Sˇ.
Corollary 6.9. The boundary map ϕ : S1 → Sˇ is continuous. The essential
graph F ⊂ S1 × Sˇ is the graph of ϕ.
Proof. The boundary maps ϕ± are the compositions of the maps Φ± from
Lemma 6.7 with the projection onto the base point. Since Φ± are continuous,
the maps ϕ± are continuous. In particular ϕ = ϕ− = ϕ+ and F = graph(ϕ).

Corollary 6.10. F ⊂ S1 × Sˇ is rectifiable of uniformly bounded length.
Proof. We cover Sˇ by 2rX Bruhat cells B(z) ⊂ Sˇ with respect to well-
chosen different base points z ∈ Sˇ. The parametrization of the Bruhat cell
by the Jordan algebra V gives local coordinates on Sˇ and we can parametrize
F = graph(ϕ) locally by maps I → V ∼= B(z), t → zt ∈ V ∼= RN . Since for
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every triple t1 < t2 < t3 in I the generalized Maslov cocycle τ(zt1 , zt2 , zt3) is
maximal, these maps are monotone increasing. Hence F is rectifiable and the
length is bounded by constants depending only on the dimension of Sˇ. 
6.6. Limit sets of maximal representations.
Theorem 6.11. Let D be a bounded symmetric domain and ρ : Γg → Aut(D)
a maximal representation. Then, the Shilov limit set
Lρ := Lt(ρ(Γg)) ⊂ Sˇ
of ρ(Γg) is a rectifiable circle, and there is a Γg-equivariant homeomorphism
ϕ : S1 → Lρ.
Proof. The image of ϕ : ∂Γg ∼= S1 → Sˇ is the projection of the image
of ϕ : S1 → G/P to G/Pθr . The Benoist limit set Λθr(Γg) is the projection
of the Benoist limit set Λ∅(Γg) ⊂ G/P to G/Pθr By Lemma 2.6 in Chapter
7, they coincide. But the Benoist limit set Λθr(Γg) coincides with the Shilov
limit set Lρ := Lt(ρ(Γg)). The map ϕ is an homeomorphism onto its image by
Corollary 6.9 and by Corollary 6.10 the image of ϕ in Sˇ is rectifiable. 
Remark 6.12. The rectifiability of the limit set for any maximal representa-
tion contrasts the behavious of limit sets of quasifuchsian representation, i.e.
deformations of Fuchsian representations in PSL(2,C), where the limit set is
only rectifiable if the representation is Fuchsian [9]. This might be considered
as a higher rank phenomenon since the limit curves obtained by Labourie for
representations in the Hitchin component of PSL(n,R) [62] are also rectifiable.
6.7. Tight homomorphisms and Anosov flows. Let H = Is(Y )◦ be
the connected component of the isometry group of a Hermitian symmetric space
of tube type admitting a tight embedding f : Y → X into another Hermitian
symmetric space of tube type X with connected component of the isometry
group being G.
Associated to the tight embedding f : Y → X we consider the tight homo-
morphism π : HY → G, with HY being a suitable finite extension of H by Λ,
and the π-invariant extension (Proposition 3.5 in Chapter 6) f : SˇY → SˇX .
Let ρ : Γg → H be a maximal representation. Via ρ we construct a finite
extension Γ˜g of Γg corresponding to HY , such that we obtain a representation
ρ˜ : Γ˜g → HY , which fits in the following commutative diagram:
Λ

Γ˜g

ρ˜ // HY

π // G
Γg
ρ // H
Since the respective actions of Γ˜g and of HY on S
1 and on SˇY coincide with
the corresponding actions of Γg respectively of H, the ρ-equivariant boundary
map ϕ : S1 → SˇY lifts to a ρ˜-equivariant map ϕ˜ : S1 → SˇY .
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The tight embedding π induces (Proposition 3.5 in Chapter 6) a π-equivariant
map
Φ : SˇY → SˇX .
The composition of ϕ˜ with Φ is a π◦ρ˜-equivariant boundary map ϕH : S1 → SˇX ,
which maps almost all triples of distinct point in S1 to maximal triples in SˇX .
We thus may pull back the Anosov-structure modelled on (G,BX ) with BX ⊂
SˇX × SˇX to an Anosov-structure modelled on (HY , BY ) with BY ⊂ SˇY × SˇY .
Remark 6.13. All classical domains admit tight embeddings into the Siegel
upper half space. It is not known to the author whether there exists a tight em-
bedding of the exceptional domain of tube type into a classical domain of tube
type. It is well known that there do not exist holomorphic tight embeddings of
this kind ([79]).
6.8. The Anosov flow in the classical case. Assume that G is one of
the classical groups Sp(2n,R), SU(n, n) or SO∗(4n). In these cases, we can
construct an Anosov structure on the associated vector bundle.
Recall from Section 5.2 that G is the invariance group of an 2n dimensional
K-vectorspace V , K = R,C,H, equipped with a σ-symmetric nondegenerate
linear form h. The Shilov boundary Sˇ = G/Q is the space of maximal h-
isotropic subspaces, where two of them, L1, L2, are transverse if and only if
V = L1⊕L2. Recall from Section 5.2 in Chapter 5 that given L− transverse to
L+, L1, L2, we can associate to Li a quadratic form q
+
i on L+ that is positive
definite if and only if L+, Li, L− is a maximal triple. If the triple L1, L2, L− is
maximal, then q+1 < q
+
2 .
Remark 6.14. Changing the roles of L+ and L− we can define a quadratic form
q−i on L−, satisfying up to a sign change the same properties as q
+
i .
Given a representation ρ : Γg → G, we fix a hyperbolic metric on Σg and
consider the associated flat bundle over the unit tangent bundle of Σ:
Eρ := (T
1D× V )/Γg → T 1Σ,
where Γg acts diagonally on T
1D × V , γ(u, e) = (γu, ρ(γ)e). We can lift the
geodesic flow gt on T
1Σ to a flow ψ˜t on E˜ by
ψ˜t(u, v) = (g˜t(u), v),
where g˜t is the lift of the geodesic flow to T
1D. The flow ψ˜t is Γg-invariant and
descends to a flow ψt on Eρ.
All continuous scalar products on Eρ being equivalent, we fix one.
Theorem 6.15. Let G = SU(V, h). Assume that ρ : Γg → G is a maximal
representation. Then there is a continuous ψ˜t-invariant splitting
Eρ = E
+
ρ ⊕ E−ρ
such that
(1) The splitting Eρ,u = E
+
ρ,u ⊕ E−ρ,u is a decomposition into complementary
maximal h-isotropic subspaces.
(2) The flow (ψt)t≥0 acts contracting on E−ρ and (ψt)t≤0 acts contracting on
E+ρ .
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Proof. We define a metric on the vector bundle E similarly to the def-
inition of the metric on the tangent bundle of B above using this time the
quadratic forms q±0 instead of the spectral norms. The arguments to prove the
Theorem are then analogous to the ones used to prove Theorem 6.2. 
Appendix
Some facts about Lie groups and Lie algebras
Satake diagrams. Complex simple Lie algebras are uniquely determined
by their root systems, which is described by its Dynkin diagram. Since a com-
plex simple Lie algebra has different noncompact real forms, the noncompact
real forms are not determined by the Dynkin diagram of their complexification
alone. They are determined by their Satake diagram, which is the Dynkin dia-
gram of their complexification endowed with some additional information. We
give a short description how the Satake diagram is defined. (A more detailed
description can be found in [88]). Consider a real simple Lie algebra g = k⊕ p
and a maximal abelian subalgebra a ⊂ p. Denote by m the Lie algebra of the
centralizer of a in K. Let Ξ = Ξ(g, a) be the real root system of g with respect
to a. The Cartan subalgebras of g containing a are of the form
h = h+ ⊕ a,
where h+ is a Cartan subalgebra of m. The complexification hC of h is a Cartan
subalgebra of the complexification gC of g. We consider the connection between
the complex root system Ψ = Ψ(gC, hC) of gC with respect to hC and the real
root system Ξ(g, a).
The restriction map r : hC(R)
∗ → a∗ is surjective, but it is not injective.
Denote by Ψ0 the set of roots α ∈ Ψ such that r(α) = 0. In Ψ1 = Ψ\Ψ0 there
are roots α1, α2 such that r(α2) = r(α1).
Choose a basis of hC(R), such that the first basis vectors form a basis of a,
and consider the corresponding lexicographical orders on hC(R)
∗, respectively
on a∗. The restriction map sends positive to positive and negative to negative
roots. The fundamental set of simple positive roots in Ξ is obtained from the
set of those simple positive roots of Ψ, which are contained in Ψ1.
The Satake diagram of g is now obtained from the Dynkin diagram of the
complexification gC by blackening all vertices corresponding to simple positive
roots of Ψ, which are contained in Ψ0, and by connecting all simple positive
roots contained in Ψ1 by arrows whenever they are mapped to the same simple
positive root in Ξ. Denote by b0 the number of black vertices and by a the
number of arrows. Then
rank(gC) = rankR(g) + b0 + a.
In particular a real Lie algebra is split if and only if the Satake diagram coincides
with the Dynkin diagram of its complexification.
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Principal and semiprincipal subalgebras. For the proof of Lemma 5.11
in Chapter 6 we use the classification of special three dimesional simple subal-
gebras of complex semisimple Lie algebras which are called semiprincipal and
principal. This classification is due to Dynkin [30]. We just recall the basic
facts, to help the reader to understand the arguments in Chapter 6. For a more
detailed description we refer to the book of Onishchik and Vinberg [88] and the
translation of Dynkin’s original article [30].
Assume that g is a simple complex Lie algebra. A three dimensional simple
subalgebra of g is given by a sl2-triple in g, i.e. a triple of elements {e, h, f}
such that the relations [h, e] = 2e, [h, f ] = −2f , [e, f ] = h hold. Every sl2-triple
is determined by the elements e or h. The element h is called characteristic of
the sl2-triple.
Proposition. [30] Fix a Cartan subalgebra h ⊂ g. Let ∆ = {α1, . . . αk} be
a fundamental system of simple positive roots of Ψ(g, h), and let C be the
corresponding Weyl chamber. Then any characteristic of a sl2-triple in g is
conjugate to a unique element h ∈ C with “labels” αi(h) being 0, 1 or 2.
The sl2-triple can be described up to conjugacy by the charactersitc element
h. Thus it is determined by the Dynkin diagram of g with labels 0, 1 or 2
corresponding to the values of αi(h) at the nodes. The element e of an sl2-
triple is always a nilpotent element. This element is called regular if e is the
sum of some roots vectors corresponding to the simple positive roots α1, . . . ak,
i.e. e = eα1 + · · ·+ eαk . The charactersitic of a regular element is conjugate to
the element h ∈ C, where all labels αi(h) are equal to 2.
A three-dimensional simple subalgebra of g given by a sl2-triple {e, h, f}
is called principal if the nilpotent element e is regular. A three-dimensional
simple subalgebra of g given by a sl2-triple {e, h, f} is called semiprincipal if
the centralizer of this subalgebra in G is trivial. A principal three-dimensional
simple subalgebra is semiprincipal. Dynkin showed that the labels of the char-
acteristic elements of a semiprincipal three-dimensional simple subalgebra are
0 or 2. Therefore, the characteristics of semi-principal three-dimensional sim-
ple subalgebras may be represented by the Dynkin diagram, where a vertex is
blackened if the corresponding label αi(h) is 0 and is white if the corresponding
label αi(h) is 2. The characteristic of the principal three-dimensional simple
subalgebra is thus just represented by the Dynkin diagram with all nodes be-
ing white. For the classification of the semiprincipal three-dimensional simple
subalgebras see [30] or [88].
A simple fact.
Proposition. The Lie algebra n is nilpotent if and only if N = exp(n) is
unipotent. Then exp : n → N is a birational map, the inverse is given by
log : N → n.
Proof. We realize n and N by matrices via its adjoint representations on
n. Then exp(ad(X)) =
∑∞
k=0
1
k! ad(X)
k. The Lie algebra n is nilpotent, thus
for all X ∈ n there exists a k ∈ N such that ad(X)k = 0. Thus the above
map is a finite sum, hence a rational map. The logarithm has the following
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expansion log(Id+Ad(Y )) =
∑∞
k=0
(−1)n
k+1 Ad(Y )
k+1. Thus if Y = exp(X) ∈ N ,
we have ad(X) = log(Y ) = log(exp(ad(X)) = log(Id + Ad(exp(X)) − Id) =∑∞
k=0
(−1)n
k+1 (Ad(Y )− Id)k+1. But if N is unipotent, then for any Y ∈ N there
is a k ∈ N, such that (Ad(Y ) − Id)k+1 = 0. Thus the sum is finite and hence
log is a rational map. 
Some facts about Jordan algebras
For an introduction into Jordan algebras we refer to the book of Faraut and
Kora´nyi [32]. We recall the basic definitions and facts from there which are
used in this work.
A vector space V over R is said to be a Jordan algebra if there exists
a bilinear mapping V × V → V , (x, y) 7→ xy, the multiplication, which is
commutative, i.e. xy = yx for all x, y ∈ V and satisfies for all x, y ∈ V :
x(x2y) = x2(xy).
A Jordan algebra is in general not associative. We always assume that V has
an identity element.
The minimal polynomial. Denote by R[X] the algebra of polynomials
in one variable with coefficients in R. For any x ∈ V the ideal J (x) := {p ∈
R[X] | p(x) = 0} is generated by a monic polynomial f , called the minimal
polynomial of x. Its degree is called the rank of x. An element x ∈ V is called
regular it its rank is maximal, i.e. rank(x) = maxy∈V rank(y) = rank(V ) = r.
Proposition. [32, Proposition II.2.1] The set of regular elements is open and
dense in V . There exist polynomials a1, . . . , ar on V such that the minimal
polynomial of any regular element x ∈ V is given by
f(λ, x) = λr − a1(x)λr−1 + · · ·+ (−1)rar(x).
The polynomials ai are unique and homogeneous of degree i. The coefficient
ar(x) = det(x) is called the determinant of x, the coefficient a1(x) = tr(x) is
called the trace of x.
Spectral decomposition. A Jordan algebra is said to be Euclidean if
there exists a positive definite symmetric bilinear form 〈·, ·〉 : V × V → R such
that 〈xu, y〉 = 〈u, xy〉 for all x, y, u ∈ V .
An idempotent in V is an element c ∈ V satisfying c2 = c. An idempotent
is called primitive if it is non-zero and cannot be written as sum of two non-zero
idempotents. A Jordan frame is a system of primitive idempotents c1, . . . , cm
satisfying
cick = 0 i 6= k
m∑
i=1
ci = e.
Proposition. [32, Theorem III.1.2.] Suppose V has rank r. Then for every
x ∈ V there exist a Jordan frame c1, . . . , cr and real numbers λ1, . . . , λr such
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that
x =
r∑
i=1
λici.
The numbers λi (with their multiplicities) are uniquely determined by x. Fur-
thermore
det(x) = Πri=1λi, tr(x) =
r∑
i=1
λi.
Moreover, ai(x) is the i-th elementary symmetric function in the λi’s.
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